Chapter 2

Fields and vector spaces
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Fields

Let F be a field.

(a) We wish to prove that —1 # 0. Let us argue by contradiction, and assume that —1 = 0. Then
a+ (=1) = a for all @ € F; in particular, 1 + (—1) = 1. But 1 4 (—1) = 0 by definition of —1, and
therefore 1 = 0 must hold. This contradicts the definition of a field (which states that 1 and 0 are
distinct elements), and hence —1 = 0 cannot hold in a field.

(b) It need not be the case that —1 # 1; in fact, in Zy, 1 + 1 = 0, and therefore —1 = 1.

Let F be a field. We wish to show that the multiplicative identity 1 is unique. Let us suppose that v € F
satisfies oy = « for all @ € F. We then have 1 = 1 -+ (since « is a multiplicative identity), and also
v = 1.+ (since 1 is a multiplicative identity). This implies that v = 1, and hence the multiplicative
identity is unique.

. Let F be a field and let & € F be nonzero. We wish to show that the multiplicative inverse of « is

unique. Suppose 3 € F satisfies a3 = 1. Then, multiplying both sides of the equation by o', we obtain

ataB)=at 1,or (ata)f=a"t or1-B=a"t It follows that 3 = o', and thus « has a unique
multiplicative inverse.

Let F be a field, and suppose «, 3,v € F.

(a) We have (—a) 4+ o = 0; since the additive inverse of —« is unique, this implies that « = —(—a).

(b) Using the associate and commutative properties of addition, we can rewrite (o + ) + (—a+ (=5))
as (a+ (—a)) + (B8 + (=8)) = 0+ 0 = 0. Therefore, —(a+ 3) = —a + (—03).

(¢) Asin the last part, we can use commutativity and associativity to show that (o« —3)+ (—a+3) = 0.

(d) We have aff + a(—8) = a(B8+ (=) = a- 0 = 0, and this proves that —(af8) = a(—0).

(e) This follows from the previous result and the commutative property of multiplication.

(f) Applying the first, fourth, and fifth results, we have (—a)(=3) = —(a(=5)) = —=(—(af)) = af.

(g) Assume @ # 0. Then a(a™! + (—a)™!) = aa ' +a(-a) ™t =1— (—-a)(-a)"t =1-1=0.
Since a # 0, a(a™! + (—a)~!) = 0 implies that o= + (—a)~! = 0, which in turn implies that
(o) = (™),

(h) Using the associative and commutative properties of multiplication, we can rewrite (af)(a"1371)
as (aa™1)(BB71) =1-1=1. This shows that o~ 137! = (a3) .

(i) Using the definition of subtraction, the distributive property, and the fourth property above, we
have a3 — 7) = a(B + (=7)) = af + a(=7y) = af + (= (ay)) = af — a.

(j) This is proved in the same way as the previous result.
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5. (a) By definition, i2 = (04+1-49)(0+1-i)=(0-0—1-1)+(0-14+1-0)i=—-140-i = —1.

(b) We will prove only the existence of multiplicative inverses, the other properties of a field being
straightforward (although possibly tedious) to verify. Let a + bi be a nonzero complex number
(which means that @ # 0 or b # 0). We must prove that there exists a complex number ¢ + di such
that (a + bi)(c + di) = (ac — bd) + (ad + bc)i equals 1 = 14 0-¢. This is equivalent to the pair of
equations ac—bd = 1, ad+bc = 0. If a # 0, then the second equation yields d = —be/a; substituting
into the first equations yields ac + b?c/a = 1, or ¢ = a/(a? + b?). Then d = —bc/a = —b/(a® + b?).
This solution is well-defined even if @ = 0 (since in that case b # 0), and it can be directly verified
that it satisfies (a 4 bi)(c + di) = 1 in that case also. Thus each nonzero complex number has a
multiplicative inverse.

6. Let F be a field, and let «, 3,7 € F with v # 0. Suppose ary = 8. Then, multiplying both sides by v,
we obtain (ay)y~! = (By)y7 !, or a(yy~!) = B(yy~1), which then yields a-1 =31, or a = 3.

7. Let I be a field and let «, 3 be elements of F'. We wish to show that the equation o+ 2 = ( has a unique
solution. The proof has two parts. First, if = satisfies « + x = 3, then adding —« to both sides shows
that  must equal —a+ 3 = 8 — a. This shows that the equation has at most one solution. On the other
hand, ¢ = —a + f is a solution since a + (—a+ ) = (o« —a) + 5 =0+ 3 = 3. Therefore, @ +x = ( has
a unique solution, namely, x = —a + (.

8. Let F be a field, and let o, 3 € F. We wish to determine if the equation ax = (8 always has a unique
solution. The answer is no; in fact, there are three possible cases. First, if « = 0 and § = 0, then ax =
is satisfied by every element of F', and there are multiple solutions in this case. Second, if « =0, 8 # 0,
then ax = ( has no solution (since ax = 0 for all z € F in this case). Third, if a # 0, then az =
has the unique solution # = a~13. (Existence and uniqueness is proved in this case as in the previous
exercise.)

9. Let F be a field.
Let a, B,7,6 € F, with 8,0 # 0. We wish to show that

LYty oy oy

1 Bs B 5 B
Using the definition of division, the commutative and associative properties of multiplication, and finally
the distributive property, we obtain

IR

Grg=of+ T = (s 4 (18
(

= (a(6071)B™ + (v(BB71))IH = ((ad)d )BT + ((vB)B~ )0
= ()01 87 + (¥8)(B717Y) = (ad)(68) ™) + (vB)(B6)
= (ad)(88)71) + (18)(B8) ™" = ((ad) + (v8))(85)
ad + By
By

Similarly,
= (@ (07 = (B ))d ! = (a(B719))5 " = (a(y571))d

= (@875 = () (357 = (@39 = T,

| e
S

Now assuming that 3,7,d # 0, we wish to show that
a/fab

v/6 By
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Using the fact that (671)~! = §, we have

j—jﬁ — (@B ) = (B () = (@B )y
— (@(8y1))6 = (a(By)~1)5 = al(B7)~"9)
-1y — (o -1 _ ad
—a(3(8y) ™) = (@)(81) " = -

Let F be a field, and let « € F be given. We wish to prove that, for any 31,...,08, € F, a(f1+- -+ 0n) =
afi+---+af,. We argue by induction on n. For n = 1, the result is simply a8; = af;. Suppose that for
some n > 2, a(B1+---+Bn1) = a1+ +af,—1 forany B1,...,0,-1 € F. Let B1,..., 801,00 € F.
Then

a(Br+ -4 Bn) = a((Br+ -+ Bno1) + Ba)
=a(fr+- -+ Bn1)+abB,=abi+ -+ afu_1 + afn.

(In the last step, we applied the induction hypothesis, and in the step preceding that, the distributive
property of addition of multiplication.) This shows that a(81 + -+ + 8,) = af1 + -+ - + af,, and the
general result now follows by induction.

(a) The space Z is not a field because multiplicative inverses do not exist in general. For example, 2 # 0,
yet there exists no n € Z such that 2n = 1.

(b) The space Q of rational number is a field. Assuming the usual definitions for addition and multipli-
cation, all of the defining properties of a field are straightforward to verify.

(¢) The space of positive real numbers is not a field because there is no additive identity. For any
z € (0,00), x4+ 2z > x for all € (0, 00).

Let F = {(a, B) : «, 8 € R}, and define addition and multiplication on F by (a, 8)+(v,9) = (a+~, B+9),
(o, B) - (7,9) = (ary, 55). With these definitions, F' is not a field because multiplicative inverses do not
exists. It is straightforward to verify that (0, 0) is an additive inverse and (1,1) is a multiplicative inverse.
Then (1,0) # (0,0), yet (1,0) - (o, 8) = (a,0) # (1,1) for all (o, 5) € F. Since F contains a nonzero
element with no multiplicative inverse, F' is not a field.

Let F = (0,00), and define addition and multiplication on F by z ®y = zy, * ® y = 2™¥. We wish
to show that F' is a field. Commutativity and associativity of addition follow immediately from these
properties for ordinary multiplication of real numbers. Obviously 1 is an additive inverse, and the additive
inverse of x € F' is its reciprocal 1/x. The properties of multiplication are less obvious, but note that
Oy = emWor) — @) and this formula makes both commutativity and associativity easy to
verify. We also see that e is a multiplicative identity: = ® e = 2!*(¢) = 2! = g for all € F. For any
r€F,x#1,y=e"/™® is a multiplicative inverse. Finally, for any z,y,2 € F, 20 (y®z) = 2® (yz) =
n W2) = gl W)+ () — g Wy (2) — (2 O y)(z ©2) = (r O y) ® (x @ 2). Thus the distributive property
holds.

Suppose F' is a set on which are defined two operations, addition and multiplication, such that all the
properties of a field are satisfied except that addition is not assumed to be commutative. We wish to
show that, in fact, addition must be commutative, and therefore F' must be a field. We first note that
it is possible to prove that 0-v = 0, =1 -7 = —v, and—(—y) = ~ for all v € F without invoking
commutativity of addition. Moreover, for all o, 8 € F, = + (—a) = —(a + ) since (a + B) + (=5 +
(=) = (@ + 0) + (=8)) + (~a) = (a + (B+ (=8)) + (—a) = (@ +0) + (—a) = a + (—a) = 0. We
therefore conclude that —1 - (a+ 8) = = + (—a) for all o, € F. But, by the distributive property,
—1-(a+p8)=-1-a+(-1)-8=—a+ (—f), and therefore —a+ (—8) = -+ (—a) for all o, 3 € F.
Applying this property to —a, —f in place of «, (3, respectively, yields a + 8 = 8+ « for all o, € F,
which is what we wanted to prove.
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(a) In Zo = {0,1}, we have 0+0=0,14+0=0+1=1, and 1 + 1 = 0. This shows that —0 =0 (as
always) and —1=1. Also,0-0=0-1=1-0=0,1-1=1,and 17! =1 (as in any field).

(b) The addition and multiplication tables for Zs = {0, 1,2} are

We see that -0 =0, -1=2, —2=1,1"1=1,2"1 =2.
The addition and multiplication tables for Zs = {0,1,2, 3,4} are

+10 1 2 3 4 +10 1 2 3 4
0jo0o 1 2 3 4 040 0 0 0 O
111 2 3 4 0 110 1 2 3 4
212 3 4 0 1 210 2 4 1 3
313 4 0 1 2 310 3 1 4 2
414 0 1 2 3 410 4 3 2 1

We see that —0=0, —1 =4, —2=3, -3=2, —4=1,1"1=1,2"1=33"1=24"1 =4

Let p be a positive integer that is prime. We wish to show that Z,, is a field. The commutativity of addition
and multiplication in Z, follow immediately from the commutativity of addition and multiplication of
integers, and similarly for associativity and the distributive property. Obviously 0 is an additive identity
and 1 is a multiplicative identity. Also, 1 # 0. For any o € Z,, the integer p — o, regarded as an element
of Z,, satisfies o+ (p—a) = 0 in Z,; therefore every element of Z,, has an additive inverse. It remains only
to prove that every nonzero element of Z, has a multiplicative inverse. Suppose o € Zj,, oo # 0. Since
Z, has only finitely many elements, o, a?,a?, ... cannot all be distinct; there must exist positive integers
k, ¢, with k > £, such that o* = of in Z,. This means that the integers o¥, of satisfy o = \* + np for
some positive integer n, which in turn yields a* — o = np or af(a*~¢ — 1) = np. Now, a basic theorem
from number theory states that if a prime p divides a product of integers, then it must divide one of the
integers in the product. In this case, p must divide a or o*~¢ — 1. Since 0 < a < p, p does not divide a,
and therefore p divides a*~* —1. Therefore, a*~¢ —1 = sp, where s is a positive integer; this is equivalent
to ot =11in Z,. Finally, this means that aa®~t~1 =11in Z,, and therefore o has a multiplicative
inverse, namely, o*~¢~1. This completes the proof that Z, is a field.

Let p be a positive integer that is not prime. It is easy to see that 1 is a multiplicative identity in Z,,.
Since p is not prime, there exist integers m, n satisfying 1 < m,n < p and mn = p. But then, if m and
n are regarded as elements of Z,, m,n # 0 and mn = 0, which is impossible in a field. Therefore, Z, is
not a field when p is not prime.

Let F be a finite field.

(a) Consider the elements 1,14+1,14+1+1,...in F. Since F contains only finitely many elements, there
must exist two terms in this sequence that are equal, say 1+1+---+1 (¢ terms) and 1 +14---+1
(k terms), where k > ¢. We can then add —1 to both sides ¢ times to show that 1+14---+1 (k—¢
terms) equals 0 in F'. Since at least one of the sequence 1,1+1,1+1+1,... equals 0, we can define
n to be the smallest integer greater than 1 such that 14+ 1+---+1 =0 (n terms). We call n the
characteristic of the field.

(b) Given that the characteristic of F' is n, for any o € F, we have a+a+---+a=a(l+1+---+1) =
a -0 =0 if the sum has n terms.

(¢) We now wish to show that the characteristic n is prime. Suppose, by way of contradiction, that
n = kl, where 1 < k,{ <n. Definea=1+1+---4+1 (k terms) and 5=1+14---+1 (£ terms).
Then af =1+ 1+ ---+1 (n terms), so that oF = 0. But this implies that & = 0 or 8 = 0, which
contradicts the definition of the characteristic n. This contradiction shows that n must be prime.
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19. We are given that H represents the space of quaternions and the definitions of addition and multiplication
in H. The first two parts of the exercise are purely computational.

()

=3 =k =—1,ij=k, ik=—j, jk=1, ji=—k ki=j, kj = —i, ijk = —1.

T =Tx = 23 + 23 + 2% + 2%

The additive identity in H is 0 = 04 0i + 05 + 0k. The additive inverse of © = x1 + x27 + x375 + x4k
is —x = —x1 — x28 — T3] — T4k.

The calculations above show that multiplication is not commutative; for instance, ij = k, ji = —k.
It is easy to verify that 1 =1+ 0i 4+ 05 4+ Ok is a multiplicative identity for H.

If x € H is nonzero, then 27 = 22 + 23 + 2% + 23 is also nonzero. It follows that

= — — —1— —]— —_k
T TT AT T T
is a multiplicative inverse for x:
T rT
r—=—=1.
IT  IT

20. In order to solve the first two parts of this problem, it is convenient to prove the following result. Suppose
F is a field under operations +, -, G is a nonempty subset of F', and G is a field under operations &, ©.
Moreover, suppose that for all z,y € G, xr+y =x@y and z -y = x ©®y. Then G is a subfield of F.
We already know (since the operations on F' reduce to the operations on G when the operands belong
to G) that G is closed under + and -. We have to prove that the additive and multiplicative identities
of F' belong to G, which we will do by showing that 0 = O¢ (that is, the additive identity of F' equals
the additive identity of G under @) and 1p = 1¢ (which has the analogous meaning). To prove the first,
notice that 0g + 0g = Og @ O¢ since 0g € G, and therefore O + 0g = 0. Adding the additive inverse
(in F) —0¢ to both sides of this equation yields Og = Op. A similar proof shows that 1p = 1. Thus
Op,1p € G. We next show that if x € G and —z denotes the additive inverse of x in F', then —x € G.
We write ©x for the additive inverse of « in G. We have @ (6x) = 0, which implies that z 4+ (6z) = 0.
But then, adding —x to both sides, we obtain ©x = —x, and therefore —z € G. Similarly, if x € G,
x # 0, and 27! denotes the multiplicative inverse of z in F, then z=! € G. This completes the proof.

(a) We wish to show that R is a subfield of C. It suffices to prove that addition and multiplication

(b)

in C reduce to the usual addition and multiplication in R when the operands are real numbers. If
z,y € R C C, then (x 4+ 0i) + (y+0i) = (x +y) + (0+0)i = (x +y) + 0i = x + y. Similarly,
(z+0i)(y+0i) =(xzy —0-0)+ (- 0+ 0-y)i = 2y + 0i = zy. The the operations on C reduce to
the operations on R when the operands are elements of R, and therefore R is a subfield of C.

We now wish to show that C is a subfield of H by showing that the operations of H reduce to the
operations on C when the operands belong to C. Let x = x1 4+ z2%,y = y1 + y2t¢ belong to C, so
that © = x1 + x29+ 05 + 0k, y = y1 + 29+ 05 + Ok can be regarded as elements of H. By definition,

z+y = (x1 + 21+ 0j + 0k) + (y1 + y2i + 0j + Ok)
= (v1 +y1) + (22 +y2)i + (0+0)j + (0 + 0)k
= (z14+y1) + (22 + y2)3,

xy =(x1 + x2t + 05 + 0k)(y1 + y2i + 0j + Ok)

=(z1y1 —72y2 —0-0—-0-0)+

(x1y2 + 291 +0-0—0-0)i+

(1-0—22-04+0-y1 +0-y2)j+

(1 -04+22-0=0-9y2+0-y1)k

=(@1y1 — T2y2) + (T1y2 + T201)1.

Thus both operations on H reduce to the usual operations on C, which shows that C is a subfield
of H.
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(c) Consider the subset S = {a +bi+c¢j : a,b,c € R} of H. We wish to determine whether S is a
subsfield of H. In fact, S is not a subfield because it is not closed under multiplication. For example,
i,jeS,butij=k¢&S.

2.2 Vector spaces

1. Let F be a field, and let V' = {0} , with addition and scalar multiplication on V defined by 0 + 0 = 0,
a-0 =0 for all @« € F. We wish to prove that V is a vector space over F. This is a straightforward
verification of the defining properties. The commutative property of addition is vacuous, since V' contains
a single element. We have (0+0)+0 =040 = 04 (0 4 0), so the associative property holds. The
definition 0 + 0 = 0 shows both that 0 is an additive identity and that 0 is the additive inverse of 0,
the only vector in V. Next, for all o, 5 € F, we have a(5-0) = -0 =0 = (af) - 0, so the associative
property of scalar multiplication is satisfied. Also, ®(04+0) =a-0=0=0+0=a- -0+« -0 and
(a+08)-0=0=a-0+ (-0, so both distributive properties hold. Finally, 1-0 = 0 by definition, so the
final property of a vector space holds. Thus V' is a vector space over F.

2. Let F be an infinite field, and let V' be a nontrivial vector space over F. We wish to show that V' contains
infinitely many vectors. By definition, V' contains a nonzero vector u. It suffices to show that, for all
a,0 € F, a # (3 implies au # Pu, since then V contains the infinite subset {au : a € F'}. Suppose
a,f € F, a# 3. Then au = fu if and only if au — fu = 0, that is, if and only if (o — B)u = 0. Since
u # 0 by assumption, this implies that & — 8 = 0 by Theorem 5. Thus au = Bu implies a« = 3. which
completes the proof.

3. Let V be a vector space over a field F'.

(a) Suppose z € V is an additive identity. Then z + 0 = z (since 0 is an additive identity) and 0+ 2z =0
(since z is an additive identity). Then z = 240 = 0+ z = 0, which shows that 0 is the only additive
identity in V.

(b) Let u e V. If u +v =0, then —u+ (u+ v) = —u + 0, which implies that (—u +u) +v = —u, or
04 v = —u, or finally v = —u. Thus the additive inverse —u of u is unique.

(¢) Suppose u,v € V. Then (u+v)+ (—u+(—v)) = ((u+v)+ (—w))+ (-v) = (u+ (v+(—w)))+ (—v) =
(u+(—u+v))+ (—v) = ((u+ (—u)) +v) + (—v) = (0+v) + (—v) = v+ (—v) = 0. By the preceding
result, this shows that —u 4 (—v) = —(u + v).

(d) Suppose u,v,w € V and u +v = v+ w. Then —u + (v +v) = —u + (u + w), which implies that
(—u+u)+v=(—u+u)+w,or0+v=0+w, or finally v = w.

(e) Suppose o € F' and 0 is the zero vector in V. Then a0+ a0 = a(0+ 0) = a0; adding —(a0) to both
sides yields a0 = 0, as desired.

(f) Suppose a € F,u €V, and au = 0. If a # 0, then a~! exists and a~!(au) = a1 - 0, which implies
(e ta)u = 0 (applying the last result), which in turn yields 1 -« = 0 or finally v = 0. Therefore,
au = 0 implies that &« = 0 or u = 0.

(g) Suppose u € V. Then 0-u+0-u= (0+0) -u =0-u. Adding —(0-u) to both sides yields 0-u = 0.
We then have u + (—1)u=1-u+ (—1)u= (1 + (—1))u = 0-u = 0, which shows that (—1)u = —u.

4. We are to prove that if F' is a field, then F'™ is a vector space over F'. This is a straightforward verification
of the defining properties of a vector space, which follow in this case from the analogous properties of the
field F. The details are omitted.

5. We are to prove that F[a,b] (the space of all functions f : [a,b] — R) is a vector space over R. Like the
last exercise, this straightforward verification is omitted.

6. (a) Let p be a prime and n a positive integer. Since each of the n components of x € Z; can take on
any of the p values 0,1,...,p — 1, there are p™ distinct vectors in Zj.
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(b) The elements of Z2 are (0,0), (0,1), (1,0), (1,1). We have (0,0) + (0,0) = (0,0), (0,0)
(0,1), (0,0) + (1, ) (1,0), (0,0) + (1,1) = (1,1), (0,1) + (0,1) = (0,0), (0,1) + (1,0)
(0,1) + (1,1) = (1,0), (1,0) + (1,0) = (0,0), (1,0) + (1,1) = (0, 1), (1,1) + (1, 1) = (0, 0).

(a) The elements of P;(Z3) are the polynomials 0, 1, z, 1 + x, which define distinct functions on Zs.
Wehave 0+0=0,0+1=1,04+2z=2,0+(1+2)=1+42,14+1=0,14z=14=,1+ (1 +2) =z,
z+r=(1+1)z=0=0,z+(1+2) =1+(z+z) =1, (1+2)+(1+z) = (1+1)+(z+z) =0+0=0.

(b) Nominally, the elements of Pa(Zs) are 0,1,2,1 + x,2%,1 + 22,2 + 22,1 + x + x2. However, since
these elements are interpreted as functions mapping Zo into Zs, it turns out that the last four
functions equal the first four. In particular, 22 = z (as functions), since 0> = 0 and 12 = 1. Then
1422 =14z, z+a’=z+2=0,and 1 +x+22 =1+0 = 1. Thus we see that the function
spaces Pa(Zz) and P1(Zs) are the same.

(c) Let V' be the vector space consisting of all functions from Zsy into Zs. To specify f € V means to
specify the two values f(0) and f(1). There are exactly four ways to do this: f(0) =0, f(1) =0

(so f(z) =0); f(0) =1, f(1) =1 (so f(z) = 1); f(0) =0, f(1) =1 (so f(x) = x); and f(0) =1
f(1) =0 (so f(xz) =1+ x). Thus we see that V = P;(Zs).

. Let V' = (0,00), with addition @& and scalar multiplication ® defined by « ® v = wv for all u,v € V

and a ® u = u® for all « € R and all u € V. We will prove that V is a vector space over R. First of
all, @ is commutative and associative (because multiplication of real numbers has these properties). For
allu € V, u®1 =u-1 = u, so there is an additive identity. Also, if u € V, then 1/u € V satisfies
u® (1/u) = u(l/u) = 1, so each vector has an additive inverse. Next, if a, 8 € R and u,v € V, then
a®(Bou)=a6 @) =@ =u*® = (af) ®u, so the associative property of scalar multiplication
holds. Also, a® (u®v) = a® (uw) = (u)® = u*v® = (a®u) ® (a®v) and (a+8)Ou = u*P = y*uf =
(a ®u) ® (B ®u). Thus both distributive properties hold. Finally, 1 ® u = u! = u. This completes the
proof that V' is a vector space over R.

. Let V = R? with the usual scalar multiplication and the following nonstandard vector addition: u @ v =

(uy + v1,uz +vg + 1) for all u,v € R2. It is easy to check that commutativity and associativity of @
hold, that (0,—1) is an additive identity, and that each u = (u1,u2) has an additive inverse, namely,
(—u1, —uz —2). Also, a(fu) = (af)u for all u € V, a, 8 € R (since scalar multiplication is defined in the
standard way). However, if & € R, then a(u +v) = a(u; +v1,uz +v2 + 1) = (aus + avy, aus + avs + @),
while au + av = (auy, aus) + (avy, avy) = (aug + avy, auz + ave + 1), and these are unequal if « # 1.
Thus the first distributive property fails to hold, and V' is not a vector space over R. (In fact, the second
distributive property also fails.)

Let V = R? with the usual scalar multiplication, and with addition defined by u®v = (ayu1+£1v1, agus+
Bave), where aq, ag, 01, 82 € R are fixed. We wish to determine what values of a1, ag, 81, f2 will make V'
a vector space over R. We first note that @ is commutative if and only if oy = 51, s = P2. We therefore
redefine u @ v as (a1u1 + av1, Qoug + ave) = (ag(u1 + v1), aa(uz + v2)). Next, we have (v ®v) D w =
(@?uy + advr + aqwr, adus + vy + agws), ud (v O w) = (arur + advy + adwy, agus + a3ve + adws).
From this, it is easy to show that (v ®v) ®w = u® (v ® w) for all u,v,w € R if and only if af = a4
and a3 = ag, that is, if and only if oy = 0 or a; = 1, and similarly for as. However, if a; = 0 or ap = 0,
then no additive identity can exist. For suppose a; = 0. Then u ® v = (0, aa(uz + v2)) for all u,v € V,
and no z € V can satisfy u @ z = u if u; # 0. Similarly, if oy = 0, then no additive identity can exist.
Therefore, if V is to be a field over R?, then we must have o; = 1 = as = B2 = 1, and V reduces to R?
under the usual vector space operations.

Suppose V is the set of all polynomials (over R) of degree exactly two, together with the zero polynomial.
Addition and scalar multiplication are defined on V' in the usual fashion. Then V' is not a vector space
over R because it is not closed under addition. For example, 1+ +22 € V, 1 + 2z — a2 € V, but
A+z+22)+(1+x—a?)=2+22¢V.

(a) We wish to find a function lying in C(0, 1) but not in C[0, 1]. A suitable function with a discontinuity
at one of the endpoints provides an example. For example, f(z) = 1/z satisfies f € C(0,1) and
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f € Cl0,1], as does f(z) =1/(1 —z) or f(z) =1/(x — 2?). A different type of example is provided
by f(z) = sin(1/x).
(b) The function f(x) = |x| belongs to C[—1,1] but not to C*[-1,1].

Let V' be the space of all infinite sequences of real numbers, and define {z,} + {yn} = {zn + ¥n},
afx,} = {azx,}. The proof that V is a vector space is a straightforward verification of the defining
properties, no different than for R"™, and will not be given here.

Let V' be the set of all piecewise continuous functions f : [a,b] — R, with addition and scalar multi-
plication defined as usual for functions. We wish to show that V' is a vector space over R. Most of
the properties of a vector space are automatically satisfied by V because it is a subset of the space of
all real-valued functions on [a, b], which is known to be a vector space. Specifically, commutativity and
associativity of addition, the associative property of scalar multiplication, the two distributive laws, and
the fact that 1-u = u for all u € V' are all obviously satisfied. Moreover, the 0 function is continuous
and hence by definition piecewise continuous, and therefore 0 € V. It remains only to show that V
is closed under addition and scalar multiplication (then, since —u = —1 -« for any function wu, each
function w € V must have an additive inverse in V). Let u € V, a € R, and suppose u has points of
discontinuity x7 < zo < --+ < xp_1, where ©1 > g = a and xy_1 < xx = b. Then u is continuous on
each interval (z;—1,x;), i = 1,2,...,k, and therefore, by a simple theorem of calculus (any multiple of a
continuous function is continuous), au is also continuous on each (z;—_1,z;). The one-sided limits of au
at xg,x1, ..., exist since, for example,

lim au(z) =« lim u(z)

(and similarly for left-hand limits). Therefore, au is piecewise continuous and therefore cu € V. Now
suppose u, v belong to V. Let {z1,22,...,2¢—1} be the union of the sets of points of discontinuity of u
and of v, ordered so that a = g < 1 < --- < xy_1 = x¢ = b. Then, since both u and v are continuous
at all other points in (a,b), u + v is continuous on every interval (x;_1,x;). Also, at each x;, either
lim, ., u(x) exists (if w is continuous at x;, that is, if x; is a point of discontinuity only for v), or the
one-sided limits lim, _+ u(z) and lim__ - u(z) both exist. In the first case, the two one-sided limits
exist (and are equal), so in any case the two one-sided limits exist. The same is true for v. Thus, for each
.237;,2':0,1,...,6—1,
lim (u(z) +ov(z)) = lim wu(z)+ lim v(x),

and similarly for the left-hand limits at x1, o, ..., zy. This shows that v+ v is piecewise continuous, and
therefore belongs to V. This completes the proof.

Suppose U and V are vector spaces over a field F', and define addition and scalar multiplication on U x V'
by (u,v) + (w,2) = (u + w,v + 2), a(u,v) = (au,av). We wish to prove that U x V' is a vector space
over F. In fact, the verifications of all the defining properties of a vector space are straightforward. For
instance, (u,v) + (w,2) = (u+w,v+ 2) = (w+ u,z +v) = (w, z) + (u,v) (using the commutativity of
addition in U and V'), and therefore addition in U x V' is commutative. Note that the additive identity
in U x V is (0,0), where the first 0 is the zero vector in U and the second is the zero vector in V. We
will not verify the remaining properties here.

2.3 Subspaces

1.

Let V be a vector space over F'.
(a) Let S = {0}. Then 0 € S, S is closed under addition since 0 +0 = 0 € S, and S is closed under
scalar multiplication since a-0 =0 € S for all & € F. Thus S is a subspace of V.

(b) The entire space V is a subspace of V since 0 € V and V is closed under addition and scalar
multiplication by definition.
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. Suppose we adopt an alternate definition of subspace, in which “0 € S” is replaced with “S' is nonempty.”

We wish to show that the alternate definition is equivalent to the original definition. If S is a subspace
according to the original definition, then 0 € S, and therefore S is nonempty. Hence S is a subspace
according to the alternate definition. Conversely, suppose S satisfies the alternate definition. Then S is
nonempty, so there exists z € S. Since S is closed under scalar multiplication and addition, it follows that
—x=—-1-z€ S, and hence 0 = —x + = € S. Therefore, S satisfies the original definition of subspace.

. Let V be a vector space over R, and let v € V be nonzero. We wish to prove that S = {0,v} is not a

subspace of V. If S were a subspace, then 2v would lie in S. But 2v # 0 by Theorem 5, and 2v # v
(since otherwise adding —v to both sides would imply that v = 0). Hence 2v ¢ S, and therefore S is not
a subspace of V.

. We wish to determine which of the given subsets are subspaces of Z3. Notice that since Zy = {0, 1}, if S

contains the zero vector, then it is automatically closed under scalar multiplication. Therefore, we need
only check whether the given subset contains (0, 0,0) and is closed under addition.

(a) S = {(0,0,0),(1,0,0)}. This set contains (0,0,0) and is closed under addition since (0,0,0) +
(0,0,0) = (0,0,0), (0,0,0) + (1,0,0) = (1,0,0), and (1,0,0) + (1,0,0) = (0,0,0). Thus S is a
subspace.

(b) S ={(0,0,0),(0,1,0),(1,0,1),(1,1,1)}. This set contains (0,0,0
closed under addition (for instance, (0,1,0) 4+ (1,0,1) = (1,1, 1), (
Thus S is a subspace.

(¢) S = {(0,0,0),(1,0,0),(0,1,0),(1,1,1)} is not a subspace because it is not closed under addition:
(1,0,0) +(0,1,0) = (1,1,0) & 5.

) and it can be verified that it is
1,1,1) +(0,1,0) = (1,0, 1), etc.).

. Suppose S is a subset of Z7. We wish to show that S is a subspace of Z3 if and only if 0 € S and S is

closed under addition. Of course, the “only if” direction is trivial. The other direction follows as in the
preceding exercise: If 0 € S, then S is automatically closed under scalar multiplication, since 0 and 1 are
the only elements of the field Zy, and 0-v =0forallve S, 1-v=v forallv e §.

. Define S = {x € R? : 21 > 0,29 > 0}. Then S is not a subspace of R?, since it is not closed under

scalar multiplication. For instance, (1,1) € S but —1-(1,1) = (-1,-1) € S.

. Define S = {x € R? : ax; + bwy = 0}, where a,b € R are constants. We will show that S is subspace

of R2. First, (0,0) € S, since a-0+b-0 = 0. Next, suppose € S and a € R. Then ax; + bzy = 0,
and therefore a(ax;) + b(axs) = a(az; + bxe) = a -0 = 0. This shows that ax € S, and therefore S is
closed under scalar multiplication. Finally, suppose x,y € S, so that az; 4+ bxs = 0 and ay; + by = 0.
Then a(x1 + y1) + b(x2 + y2) = (ax1 + bxe) + (ay1 + by2) = 0+ 0 = 0, which shows that © + y € S, and
therefore that S is closed under addition. This completes the proof.

(a) The set A = {x € R? : 71 = 0 or 22 = 0} is closed under scalar multiplication but not addition.
Closure under scalar multiplication holds since if 1 = 0, then (ax); = az1 = -0 = 0, and similarly
for the second component. The set is not closed under addition; for instance, (1,0), (0,1) € A, but
(1,0) + (0,1) = (1,1) & A.

(b) Theset Q@ = {x € R? : 21 > 0,22 > 0} is closed under addition but not scalar multiplication. Since
(1,1) e Q@ but —1-(1,1) = (—1,—1) € @, we see that @Q is not closed under scalar multiplication.
On the other hand, if z,y € @, so that x1,29,y1,y2 > 0, we see that (x+y)1 =21 +y1 >0+0=0
and (z +y)2 = 22 +y2 > 0+ 0 = 0. This shows that z + y € @, and therefore @ is closed under
addition.

. Let V be a vector space over a field F, let u € V, and define S = {au : a € F}. We will show that S

is a subspace of V. First, 0 € V because 0 = 0 - u. Next, suppose z € S and § € F. Since z € S, there
exists o € F such that x = au. Therefore, Sz = B(au) = (Ba)u (using the associative property of scalar
multiplication, which shows that Sx belongs to S. Thus S is closed under scalar multiplication. Finally,
suppose z,y € S; then there exist «, § € F such that x = au, y = fu, and z + y = au + fu = (o + [)u
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by the second distributive property. Therefore S is closed under addition, and we have shown that S is
a subspace.

Let R be regarded as a vector space over R. We wish to prove that R has no proper subspaces. It suffices
to prove that if S is a nontrivial subspace of R, then S = R. So suppose S is a nontrivial subspace,
which means that there exists # # 0 belonging to S. But then, given any y € R, y = (yz~1)x belongs to
S because S is closed under scalar multiplication. Thus R C S, and hence S = R.

We wish to describe all proper subspaces of R2. We claim that every proper subspace of R? has the form
{az : @ € R,a # 0}, where x € R? is nonzero (geometrically, such a set is a line through the origin).
To prove, this, let us suppose S is a proper subspace of R?. Then there exists x € S, x # 0. Since S
is closed under scalar multiplication, every vector of the form az, o € R, must belong to S. Therefore,
S contains the set {ax : a € R, # 0}. Let us suppose that there exists y € S such that y cannot be
written as y = ax for some o € R. In this case, we argue that every z € R? belongs to S, and hence S is
not a proper subspace of R%. To justify this conclusion, we first note that, since y is not a multiple of x,
21y2 — T2y1 # 0. Let z € R? be given and consider the equation ax + By = z. It can be verified directly
that o = (yaz1 — y122)/(x1y2 — x211), B = (v122 — T221)/(x1y2 — 211 ) satisfy this equation, from which
it follows that z € S (since S is closed under addition and scalar multiplication). Therefore, if S contains
any vector not lying in {ax : o € R, a # 0}, then S consists of all of R?, and S is not a proper subspace
of R2.

We wish to find a proper subspace of R? that is not a plane. One such subspace is the x1-axis: S = {x €
R3 : 9 = 23 = 0}. It is easy to verify that S is a subspace of R3, and geometrically, S is a line.

More generally, using the results of Exercise 10, we can show that {az : a € R}, where x # 0 is a given
vector, is a proper subspace of R3. Such a subspace represents a line through the origin.

Consider the subset R™ of C™. Although R™ contains the zero vector and is closed under addition,
it is not closed under scalar multiplication, and hence is not a subspace of C™. Here the scalars are
complex numbers (since C" is a vector space over C), and, for example, (1,0,...,0) € R", i € C, and
1(1,0,...,0) = (4,0,...,0) does not belong to R™.

Let S = {u € Cla,b] : u(a) = u(b) = 0}. Then S is a subspace of C[a,b]. The zero function clearly
belongs to S. Suppose u € S and a € R. Then (au)(a) = au(a) = a -0 = 0, and similarly (au)(b) = 0.
It follows that au € S, and S is closed under scalar multiplication. If u,v € S, then (u + v)(a) =
u(a) +v(a) =040 =0, and similarly (u+ v)(b) = 0. Therefore S is closed under addition, and we have
shown that S is a subspace of Cla, b].

Let S = {u € Cla,b] : u(a) =1}. Then S is not a subspace of C[a, b] because the zero function does not
belong to S.

Let S = {u € Cla,b] : f;u(x) dx = O}. We will show that S is a subspace of Cla,b]. First, since the
integral of the zero function is zero, we see that the zero function belongs to S. Next, suppose u € S
and a € R. Then fab(au) (z)dz = fab au(z)dr = « fab uw(x)dr = a-0 =0, and therefore au € S. Finally,
suppose u,v € S. Then f;(u—l-v)(a:) de = f;(u(a:) +o(z))dr = f;u(a:) dr + f; v(z)dz = 0+0 = 0. This
shows that u 4+ v € S, and we have proved that S is a subspace of Cla, b].

Let V be the vector space of all (infinite) sequences of real numbers.

(a) Define Z = {{zp} € V : limp_o0 2, = 0}. Clearly the zero seqence converges to zero, and hence
belongs to Z. If {z,} € Z and o € R, then lim,, .o oz, = alim, o x, = «-0 = 0, which implies
that a{z,} = {az,} belongs to Z, and therefore Z is closed under scalar multiplication. Now
suppose {y, }, {yn} both belong to Z. Then lim,, e (Tn+yn) = limy 00 Tpn+1limy 0o ¥ = 040 = 0.
Therefore {z,} + {yn} = {@n + yn} belongs to Z, Z is closed under addition, and we have shown
that Z is a subspace of V.
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(b) Define S = {{z,} €V : Y77 | &, < oo}. From calculus, we know that if >~ ° | z,, converges, then
so does Y07 aw, = ad o @, for any a € R. Similarly, if Y07 | z,, Y oo yn converge, then so
does D07 [(Tn +Yn) = D poy Tn + Y pey Yn- Using these facts, it is straightforward to show that S

is closed under addition and scalar multiplication. Obviously the zero sequence belongs to S.

(c) Define L = {{z,} € V : Y07 22 < oo}. Here is it obvious that the zero sequence belongs to L
and that L is closed under scalar multiplication. To prove that L is closed under addition, notice
that, for any z,y € R, (x —y)? > 0 and (z + y)? > 0 together imply that |zy| < (2% + y?)/2. It
follows that (z,, + yn)? = 22 4+ 2z,ys + y2 < 2(z2 + y2). It follows that if Y >, 22 and Y oo, y2
both converge, and so does Yo7 (zn +yn)?, with Y07 (2 +yn)? <2300 22 +2) 7 2. From
this we see that L is closed under addition, and thus L is a subspace.

By a common theorem of calculus, we know that if ZZO=1 x, converges, then lim, . x, = 0, and the
same is true if > 7 2 converges. Therefore, S and L are subspaces of Z. However, the converse of this
result is not true (if the sequence converges to zero, this does not imply that the corresponding series
converges). Therefore, S and L are proper subspaces of Z. We know that L is not a subspace of S; for
instance Y7 (1/n?) converges, but > -, (1/n) does not, which shows that {1/n} belongs to L but not
to S. Also, S is not a subspace of L, since {(—1)"/+/n} belongs to S (by the alternating series test) but

not to L.
18. Let V be a vector space over a field F', and let X and Y be subspaces of V.

(a) We will show that X NY is also a subspace of V. First of all, since 0 € X and 0 € Y, it follows
that 0 € X NY. Next, suppose € X NY and a € F. Then, by definition of intersection, z € X
and z € Y. Since X and Y are subspaces, both are closed under scalar multiplication and therefore
ar € X and ax € Y, from which it follows that « € X NY. Thus X NY is closed under scalar
multiplication. Finally, suppose z,y € X NY. Then z,y € X and x,y € Y. Since X and Y are
closed under addition, we have z +y € X and  + y € Y, from which we see that z +y € X NY.
Therefore, X NY is closed under addition, and we have proved that X NY is a subspace of V.

(b) It is not necessarily that case that X UY is a subspace of V. For instance, let V = R?, and define
X={xeR?:2=0},Y={zeR?: 2y =0}. Thus X UY is not closed under addition, and
hence is not a subspace of R?. For instance, (1,0) € X C X UY and (0,1) € Y C X UY; however,
(L,O)+(0,1)=(1,1) g X UY.

19. Let V be a vector space over a field F', and let S be a nonempty subset of V. Define T to be the
intersection of all subspaces of V' that contain S.

(a) We wish to show that T is a subspace of V. First, 0 belongs to every subspace of V' that contains S,
and therefore 0 belongs to the intersection T'. Next, suppose x € T" and a € F'. Then z belongs to
every subspace of V' containing S. Since each of these subspaces is closed under scalar multiplication,
it follows that ax also belongs to each subspace, and therefore ax € T. Therefore, T is closed under
scalar multiplication. Finally, suppose x,y € T. Then both x and y belong to every subspace of V
containing S. Since each subspace is closed under addition, it follows that x + y belongs to every
subspace of V' containing S. Therefore z +y € T, T is closed under addition, and we have shown
that T is a subspace.

(b) Now suppose U is any subspace of V' containing S. Then U is one of the sets whose intersection
defines T', and therefore every element of T" belongs to U by definition of intersection. It follows that
T C U. This means that T is the smallest subspace of V' containing .S.

20. Let V be a vector space over a field F', and let S, T' be subspaces of V. Define S+7 = {s+t : s € S,t € T'}.
We wish to show that S + T is a subspace of V. First of all, 0 € S and 0 € T because S and T are
subspaces. Therefore, 0 = 040 € S+T. Next, suppose z € S+T and a € F. Then, by definition of S+1T,
there exist s € S, t € T such that x = s +¢. Since S and T are subspaces, they are closed under scalar
multiplication, and therefore as € S and at € T. It follows that ax = a(s+t) = as+at € S+ T. Thus
S + T is closed under scalar multiplication. Finally, suppose x,y € S 4+ T. Then there exist s1,s5 € S,
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t1,to € T such that x = s; + t1, y = s2 + t2. Since S and T are closed under addition, we see that
S1+82 €8, t1 +t2 €T, and therefore x +y = (s1 +t1) + (s2+t2) = (s1+82) + (t1 +t2) € S+ T. It
follows that S + T is closed under addition, and we have shown that S + T is a field.

2.4 Linear combinations and spanning sets
1. Write uy = (=1, -2,4,—-2), ug = (0,1, —5,4).
(a) With v = (—1,0,—6,6), the equation aju; + azus = v has a (unique) solution: a3 = 1, ag = 2.
This shows that v € sp{uy, ua}.
(b) With v =(1,1,1,1), the equation cyu; + asus = v has no solution, and therefore v & sp{uy, us}.

2. Let S =sp{e*,e "} C C0,1].

(a) The function f(z) = cosh(x) belongs to S because cosh(x) = (1/2)e” + (1/2)e™*.

(b) The function f(z) = 1 does not belong to S because there are no scalars ag, ay satisfying aie® +
aze™® =1 for all x € [0,1]. To prove this, note that any solution a;, as would have to satisfy the
equations that result from substituting any three values of x from the interval [0, 1]. For instance,
if we choose © =0, = 1/2, z = 1, then we obtain the equations

ay +ag =1,
a161/2 + ozge_l/Q =1,
are +ase !t = 1.

A direct calculation shows that this system is inconsistent. Therefore no solution a;, ao exists, and

fées.
3. Let S =sp{l + 2z + 32%,x — 2%} C Po.
(a) There is a (unique) solution a1 = 2, az = 1 to ai(1 + 2z + 32?%) + az(x — 2?) = 2 + bz + 522,
Therefore, 2 + 5x + 522 € S.
(b) There is no solution ay, ag to ay (1 + 2z +3z%) + ag(x — 2?) = 1 — z + 2. Therefore, 1 —z+22 ¢ S.

4. Let uy = (1 +14,4,2), ug = (1,2i,2 — i), and define S = sp{u1,us} C C3. The vector v = (2 + 3i, -2 +
2,5 + 2i) belongs to S because 2uy + iug = v.

5. Let S =sp{(1,2,0,1),(2,0,1,2)} C Z3.

(a) The vector (1,1,1,1) belongs to S because 2(1,2,0,1) + (2,0,1,2) = (1,1,1,1).

(b) The vector (1,0,1,1) does not belong to S because a1(1,2,0,1) + @2(2,0,1,2) = (1,0,1,1) has no
solution.

6. Let S =sp{l+z, 2+ 222+ x+ 22} C P3(Z3).

(a) If p(x) =1+ 2 + 22, then 0(1 + ) + 2(x + 22) + 2(2 + x + 2%) = p(x), and therefore p € S.

(b) Let q(x) = 2. Recalling that P3(Z3) is a space of polynomials functions, we notice that ¢(0) = 0,
q(1) =1, ¢(2) = 2, which means that ¢(z) = x for all z € Z3. We have 1(1 + ) +2(z + 22) + 1(2 +
r + 2?) = = q(z), and therefore ¢ € S.

7. Let u = (1,1,-1), v = (1,0, 2) be vectors in R3. We wish to show that S = sp{u,v} is a plane in R3.
First note that if S = {z € R3 : ax; + bxs + crs = 0}, then (taking 2 = u, 2 = v) we see that a,b,c
must satisfy a + b — ¢ = 0, a + 2¢ = 0. One solution is a = 2, b = —3, ¢ = —1. We will now prove
that S = {z € R3 : 221 — 3w2 — 23 = 0}. First, suppose x € S. Then there exist , 3 € R such that
r = out+pfv=oa(l,1,-1)+06(1,0,2) = (a+0, o, —a+20), and 221 —3zs—2x3 = 2(a+0)—3a—(—a+20) =
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20 + 203 — 3a + a — 23 = 0. Therefore, z € {z € R® : 221 — 3z2 — 3 = 0}. Conversely, suppose
x € {r € R® : 221 — 322 — 23 = 0}. If we solve the equation au + v = z, we see that it has the solution
a = &g, } = x1—x2, and therefore z € S. (Notice that x2(1,1, —1)4(x1—22)(1,0,2) = (z1, 22, 221 —3x2),
and the assumption 221 — 3x2 — x3 = 0 implies that 2z — 3ze = x3.) This completes the proof.

. The previous exercise does not hold true for every choice of u,v € R®. For instance, if u = (1,1,1),

v = (2,2,2), then S = sp{u,v} is not a plane; in fact, S is easily seen to be the line passing through
(0,0,0) and (1,1,1).

. Letv; = (1,-2,1,2), v = (=1,1,2,1), and v3 = (—7,9,8, 1) be vectors in R?, and let S = sp{v1,v2,v3}.

Suppose x € S, say & = (101 + Bov2 4 B3v3 = (81— f2— 703, =201+ B2+ 9083, b1+ 202+ 8033, 201+ S2 + 33).
The equation ayv + vy = (61 — B2 — 703, =201 + P2 + 903, S1 + 202 + 803, 201 + P2 + B3) has a unique
solution, namely, oy = 81 — 203, s = (B2 +503. This shows that x is a linear combination of vy, vo alone.

Alternate solution: We can solve ajv; + asve + azvg = 0 to obtain ay = —2, as = 5, ag = —1, which
means that —2v; 4+ 5ve — vg = 0 or v3 = —2v1 + 5vs. Now suppose x € S, say © = [1v; + B2vs + [3v3.
It follows that x = [1v1 + Bava + B3(—2v1 + 5va) = (1 — 203)v1 + (B2 + 583)ve, and therefore x can be
written as a linear combination of v; and vy alone.

Let w3 = (1,1,1), us = (1,—1,1), ug = (1,0,1), and define S; = sp{ui,uz}, S2 = sp{uq,us,us}.
We wish to prove that S; = S5. We first note that if x € Sp, then there exists scalars aq, s such
that = aju; + asus. But then z can be written as x = ajuy + asus + 0 - uz, which shows that
x is a linear combination of wuy,us,us, and hence z € S3. Conversely, suppose that x € Sy, say © =
Brug + Boug + Psuz = (81 + B2 + B3, 01 — B2, B1 + P2 + B3). We wish to show that = can be written as a
linear combination of w1, us alone, that is, that there exist scalars aq, as such that aju; + asus = . A
direct calculation shows that this equation has a unique solution, namely, a; = 81+ 03/2, aa = Ba+ F3/2.
This shows that = € sp{uj,us} = S1, and the proof is complete. (The second part of the proof can be
done as in the previous solution, by first showing that uz = (1/2)uy + (1/2)us.)

Let S = sp{(—1,-3,3),(—1,-4,3),(—1,—1,4)} ¢ R?. We wish to determine if S = R? or if S is a proper
subspace of R3. Given an arbitrary x € R?, we solve a1(—1,—1,3) + az(—1,—4,3) + az(—1,-1,4) =
(21,22, 23) and find that there is a unique solution, namely, oy = —13x1 + x2 — 3x3, s = 9x1 — 22 + 223,
a3 = 321 + x3. This shows that every € R? lies in S, and therefore S = R3.

Let S = sp{(—1,—5,1),(3,14,—4), (1,4, —2)}. Given an arbitary = € R3, if we try to solve a; (—1, —5, 1)+
az(3,14, —4) + as(1,4, —2) = (21, x2, x3), we find that there is a solution if and only if 621 — z2 + x5 = 0.
Since not all z € R? satisfy this condition, S is a proper subspace of R3.

Let S = sp{l — 2,2 — 2z + 22,1 — 322} C P,. We wish to determine if S is a proper subspace of Ps.
Given any p € Pa, say p(x) = co + 12 + cax?, we try to solve a1 (1 — z) + aa(2 — 2z + 2%) + a3(1 — 32%) =
co + c1x + cox®. We find that there is a unique solution, oy = —6¢g — 7c1 — 2¢2, g = 3cg + 3¢1 + ¢,
a3 = ¢g + c1. Therefore, each p € P, belongs to .S, and therefore S = Ps.

Suppose V is a vector space over a field F' and S is a subspace of V. We wish to prove that uy,...,u; € .9,
i, ...,ap € F imply that ajuy + - - - + agur € S. We argue by induction on k. For k = 1, we have that
ajuy € S because S is a subspace and therefore closed under scalar multiplication. Now suppose that, for
some k > 2, aquy + -+ + ag_1ug—1 € S for any uy,...,up—1 €5, a1,...,ap_1 € F. Let uy,...,u € S,
a1, ...,a € F be arbitrary. Then aqui +...+agur = (aqui +- -+ ag—1ur—1) + agug. By the induction
hypothesis, aju; + -+ + ap_jur_1 € S, and agur € S because S is closed under scalar multiplication.
But then aquy + ... + apur = (Qrug + -+ - + ak—1up—1) + agur € S because S is closed under addition.
Therefore, by induction, the result holds for all £ > 1, and the proof is complete.

Let V be a vector space over a field F', and let w € V, u # 0, a € F. We wish to prove that sp{u} =
sp{u, au}. First, if « € sp{u}, then x = pu for some 8 € F', in which case we can write x = Su + 0(au),
which shows that x also belongs to sp{u,au}. Conversely, if © € sp{u,au}, then there exist scalars
B,y € F such that x = fu + y(au). But then z = (8 + ya)u, and therefore © € sp{u}. Thus

sp{u} = sp{u, au}.
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Let V be a vector space over a field F, and suppose z,u1,...,ug,v1,...,Vp are vectors in V. Assume
x € sp{ua,...,ux} and u; € sp{v1,...,v,} for j = 1,..., k. We wish to show that z € sp{vi,...,ve}.
Since u; € sp{vi,...,ve}, there exist scalars §j1,...,0;¢ such that u; = Bj1v1 + --- + B ¢ve. This
is true for each u;, j = 1,...,k. Also, z € sp{ui,...,us}, so there exist ai,...,ax € F such that

T = iuy + -+ opug. It follows that

x=a1(01101 + -+ Breve) + a2(B21v1 + - + Baeve) + - - + ag(Br,1v1 + -+ - + Br.eve)

= f1,1v1 + -+ a1five + B v + -+ aafa v+ -+ o B v + -+ apBreve
(a1fB11 +a2f21 + -+ apfri)vr + (a1 B2 + a2foo + - - + apbr2)va + - -+
(1B, + a2f20 + - + apBre)ve.

This shows that « € sp{v1,...,ve}.

(a) Let V be a vector space over R, and let u,v be any two vectors in V. We wish to prove that
sp{u,v} = sp{u+v,u—v}. We first suppose that = € sp{u+v,u—v}, say x = a(u+v) + G(u—v).
Then x = au+ av + fu — fv = (a + B)u + (o — B)v, which shows that z € sp{u,v}. Conversely,
suppose that = € sp{u,v}, say * = au + fv. We notice that u = (1/2)(u + v) + (1/2)(v — v), and
v=(1/2)(u+v) — (1/2)(u — v). Therefore, z = a((1/2)(u + v) + (1/2)(u — v)) + B((1/2)(u + v) —
(1/2)(u —v)) = (/2 4+ 8/2)(u+v) + (/2 — 3/2)(u — v), which shows that = € sp{u + v,u — v}.
Therefore, x € sp{u, v} if and only if « € sp{u + v,u — v}, and hence the two subspaces are equal.

(b) The result just proved does not necessarily hold if V' is a vector space over an arbitrary field F'.
More specifically, the first part of the proof is always valid, and therefore sp{u +v,u — v} C sp{u, v}
always holds. However, it is not always possible to write u and v in terms of v + v and u — v, and
therefore sp{u,v} C sp{u + v,u — v} need not hold. For example, if FF = Zy, V = Z2, u = (1,0),
v = (0,1), then we have v +v = (1,1) and v —v = (1,1) (since —1 = 1 in Z3). It follows that
sp{u + v,u — v} = {(0,0),(1,1)}, and hence u,v & sp{u + v,u — v}, which in turn means that
sp{u,v} ¢ sp{u +v,u — v}.

2.5 Linear independence

1.

Let V be a vector space over a field F', and let uj,uz € V. We wish to prove that {uy,us} is linearly
dependent if and only if one of these vectors is a multiple of the other. Suppose first that {u, v} is linearly
dependent. Then there exist scalars aq, as, not both zero, such that aju; + asus = 0. Suppose a; # 0;
then afl exists, and we have aju; + asus = 0 = ayu; = —avus = Uy = —aflaqu. Therefore, in this
case, uy is a multiple of uy. Similarly, if as # 0, we can show that us is a multiple of u;. Conversely,
suppose one of uj,us is a multiple of the other, say u; = aus. We can then write u; — aus = 0, or
1-uy + (—a)ug = 0, which, since 1 # 0, shows that {uy,us} is linearly dependent. A similar proof shows
that if uo is a multiple of uq, then {uq,us} is linearly dependent. This completes the proof.

. Let V be a vector space over a field F, and suppose v € V. We wish to prove that {v} is linearly

independent if and only if v # 0. First, if v # 0, then av = 0 implies that « = 0 by Theorem 5. It follows
that {v} is linearly independent if v # 0. On the other hand, if v = 0, then 1 -v = 0, which shows that
{v} is linearly dependent (there is a nontrivial solution to av = 0). Thus {v} is linearly independent if
and only if v # 0.

Let V be a vector space over a field F, and let uy,...,u, € V. Suppose u; = 0 for some i, 1 < i < n,
and define scalars ay,...,a, € F by ay =0if k # 4, ¢; = 1. Then aqu + -+ apuy =0-u; +---+0-
wi—1+1-0+0-uj41 +---+0-u, =0, and hence there is a nontrivial solution to aju; + - - - + anu, = 0.
This shows that {u1,...,u,} is linearly dependent.

Let V be a vector space over a field F, let {uy,...,ux} be a linearly independent subspace of V, and
assume v € V, v & sp{uq,...,ur}. We wish to show that {us,...,ux, v} is also linearly independent. We
argue by contradiction and assume that {u,...,ux, v} is linearly dependent. Then there exist scalars
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ai,...,a, 3, not all zero, such that aquy+- - -+agur+Gv = 0. We now consider two cases. First, if 6 = 0,
then not all of a,...,ax are zero, and we see that cyuy + -+ + apur = ayuy + -+ agup + 0-v = 0.
This contradicts the fact that {wi,...,ux} is linearly independent. Second, if 5 # 0, then we can
solve ajuy + -+ + apui + v = 0 to obtain v = —F 'aus — -+ — B 'apuk, which contradicts that
v & sp{u1,...,ur}. Thus, in either case, we obtain a contradiction, and the proof is complete.

. We wish to determine whether each of the following sets is linearly independent or not.

(a) Theset {(1,2),(1,—1)} C R? is linearly independent by Exercise 1, since neither vector is a multiple
of the other.

(b) The set {(—1,—1,4),(—4,—4,17),(1,1,—3)} is linearly dependent. Solving
ar(—1,—1,4) + as(—4, —4,17) + az(1,1,-3) = 0

shows that ay = 5, a0 = —1, a3 = 1 is a nontrivial solution.

(¢) The set {(-1,3,-2),(3,-10,7),(—1,3,—1)} is linearly independent. Solving
ar(=1,3,-2) + ax(3,—10,7) + az(—1,3,—-1) = 0

shows that the only solution is vy = as = a3 = 0.

. We wish to determine whether each of the following sets of polynomials is linearly independent or not.

(a) The set {1 — 2%, + 22,3 + 3x — 422} C P, is linearly independent since the only solution to
a1(l—2?)+az(z+2%) +a3(3+3r —42?) =0is a1 = ag = a3 = 0.

(b) The set {1+ 2% 4 + 322 + 323,3 — 2 + 1023,1 + 72% — 1823} C P3 is linearly dependent. Solving
ar(1+ 22) + ag(4 + 322 + 323) + a3(3 — 2 + 1023) + ay(1 + 72? — 1823) = 0 yields a nontrivial
solution vy = —25, as =6, ag3 =0, ay = 1.

. The set {e”,e"",cosh (x)} C C[0,1] is linearly dependent since (1/2)e® + (1/2)e~* — cosh (x) = 0 for all

z €[0,1].

. The subset {(0,1,2),(1,2,0),(2,0,1)} of Z3 is linearly dependent because 1-(0,1,2) +1-(1,2,0) + 1

(2,0,1) = (0,0,0).

. We wish to show that {1, x, 22} is linearly dependent in P3(Zs). The equation aq - 1 + aex + azz? = 0

has the nontrivial solution a; = 0, = 1,3 = 1. To verify this, we must simply verify that x + 22
the zero function in Py(Z2). Substituting # = 0, we obtain 0+ 0? = 0+0 = 0, and with z = 1, we obtain
1+12=1+1=0.

51, —4+3i)} C C3 is linearly dependent, because (i, 1,2i)+asa(1, 1+

The set {(4,1,2i), (1,1+1¢,4), (1,3
= (0,0,0) has the nontrivial solution oy = —2i, g = —3, a3 = 1.

i,i) + as(1,3 4 5i, —4 + 34)

We have already seen that {(3,2,2,3),(3,2,1,2),(3,2,0,1)} C R* s linearly dependent, because (3,2, 2, 3)—
2(3,2,1,2) + (3,2,0,1) = (0,0,0,0).

(a) We can solve this equation for any one of the vectors in terms of the other two; for instance,
(3,2,2,3) = 2(3,2,1,2) — (3,2,0,1).

(b) We can show that (—3,-2,2,1) € sp{(3,2,2,3),(3,2,1,2),(3,2,0,1)} by solving al( 2,2,3) +
a2(3,2,1,2)+a3(3,2,0,1) = (—3,—2,2,1). One solution is (—3,—2,2,1) = 3(3,2,2,3)—4(3,2,1,2).
Substituting (3,2,2,3) = 2(3,2,1,2) — (3,2,0,1), we obtain another solution: (—3,-2,2,1) =
2(3,2,1,2) — 3(3,2,0,1).
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We wish to show that {(—1,1,3),(1,—1,-2),(=3,3,13)} C R? is linearly dependent by writing one of
the vectors as a linear combination of the others. We will try to solve for the third vector in terms of the
other two. (There is an element of trial and error involved here: Even if the three vectors form a linearly
independent set, there is no guarantee that this will work; it could be, for instance, that the first two
vectors form a linearly dependent set and the third vector does not lie in the span of the first two.) Solving
a1(—1,1,3)+az(1, -1, -2) = (-3, 3,13) yields a unique solution: (—3,3,13) = 7(-1,1,3)+4(1,-1,-2).
This shows that the set is linearly dependent.

Alternate solution: We begin by solving a1 (—1,1,3) + as(1, -1, —-2) + a3(—3, 3,13) = (0,0,0) to obtain
7(-1,1,3)+4(1,-1,-2)—(-3,3,13) = (0,0,0). We can easily solve this for the third vector: (—3,3,13) =
7(—1,1,3) + 4(1, -1, -2).

We wish to show that {pi,p2,p3}, where p1(z) = 1 — 22, pa(z) = 1+ x — 622, p3(z) = 3 — 222,
is linearly independent and spans P,. We first verify that the set is linearly independent by solving
a1(1—22)+as(14+z—622)+az(3—22%) = 0. This equation is equivalent to the system a; +as +3as = 0,
as =0, —a; — 6as — 2a3 = 0, and a direct calculation shows that the only solution is a1 = as = ag =
0. To show that the set spans Pa, we take an arbitrary p € Ps, say p(x) = co + c1x + cox?, and
solve a1(1 — %) + az(1 + o — 622) + a3(3 — 22?) = ¢y + 12 + c22?. This is equivalent to the system
ay + ags 4+ 3as = ¢g, as = ¢, —ay — 6ag — 23 = ¢o. There is a unique solution: oy = —2¢g — 16¢1 — 3co,
ag = ¢1, a3 = cg+5cy1+co. This shows that p € sp{p1, p2, ps}, and, since p was arbitrary, that {p1, p2, ps}
spans all of Ps.

Let V be a vector space over a field F' and let {uq, ..., ur} be a linearly independent subset of V. Suppose
u,v € V, {u,v} is linearly independent, and w,v & sp{ui,...,ur}. We wish to determine whether
{u1,...,up,u,v} is necessarily linearly independent. In fact, this set need not be linearly independent.
For example, take V = R* F =R, k = 3, and u; = (1,0,0,0), uz = (0,1,0,0), uz = (0,0,1,0). With
uw=(0,0,0,1), v=(1,1,1,1), we see immediately that {u,v} is linearly independent (neither vector is a
multiple of the other), and that neither « nor v belongs to sp{ui,us, us}. Nevertheless, {u1, uq, us,u,v}
is linear dependent because v = u1 + us + ug + u.

Let V' be a vector space over a field F', and suppose S and T are subspaces of V satisfying SNT =
{0}. Suppose {s1,...,sk} C S and {t1,...,t¢} C T are both linearly independent sets. We wish to

prove that {si,...,Sg,t1,...,ts} is linearly independent. Suppose scalars aq,...,ag, B1,..., B¢ satisfy
@181 + -+ agsg + Pit1 + - - - + Bety = 0. We can rearrange this equation to read ays1 + -+ + agsg =
—fity — -+ — Bete. If v is the vector represented by these two expressions, then v € S (since v is a
linear combination of s1,...,s;) and v € T (since v is a linear combination of ¢1,...,t,). But the only
vector in S N T is the zero vector, and hence aisy + -+ + agsy = 0, =01t — -+ — Betg = 0. The
first equation implies that aqy = --+ = ai = 0 (since {s1,..., sk} is linearly independent), while the
second equation implies that £y = --- = [, = 0 (since {¢1,...,t¢} is linearly independent). Therefore,

a181+- - -+agsg+B1t1+- - -+ Bety = 0 implies that all the scalars are zero, and hence {s1, ..., Sk, t1,...,ts}
is linearly independent.

Let V be a vector space over a field F, and let {uy,...,u;} and {v1,...,v,} be two linearly independent
subsets of V.. We wish to find a condition that implies that {us,...,ug, v1,...,v¢} is linearly independent.
By the previous exercise, a sufficient condition for {ui,...,uk,v1,...,v¢} to be linearly independent is
that S = sp{u1,...,ux}, T = sp{v1,...,ve} satisfy SNT = {0}. We will prove that this condition is
also necessary. Suppose {uq,...,ur} and {v1,...,v¢} are linearly independent subsets of V, and that
{u1,...,up,v1,...,v¢} is also linearly independent. Define S and T as above. If 2 € SN T, then there
exist scalars aq, ..., ax € F such that x = ajus +- - -+ auy (since € S), and also scalars 51,...,0; € F
such that = v + -+ + Beve (since z € T'). But then aqus + -+ + agur = Brv1 + -+ - + Beve, which
implies that ayus +- - -+ agur — B1v1 — - - - — Bevg = 0. Since {uq, ..., uk, v1,..., v} is linearly independent
by assumption, this implies that ¢y = -+ = a = 61 = --- = B¢ = 0, which in turn shows that x = 0.

Therefore SNT = {0}, and the proof is complete.

(a) Let V be a vector space over R, and suppose {z,y, z} is a linearly independent subset of V. We wish
to show that {x +vy,y+ 2,2+ 2z} is also linearly independent. Let a1, ag, a3 € R satisfy a1 (xz+y) +
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as(y+ z) + az(x + z) = 0. This equation is equivalent to (a1 + az)x + (a1 + @2)y + (@2 + a3)z = 0.
Since {z,y, z} is linearly independent, it follows that oy + as = a3 + @z = az + a3 = 0. This system
can be solved directly to show that oy = as = as = 0, which proves that {x + y,y + z,z + z} is
linearly independent.

(b) We now show, by example, that the previous result is not necessarily true if V' is a vector space
over some field F # R. Let V = Z3, and define z = (1,0,0), y = (0,1,0), and 2z = (0,0, 1).
Obviously {x,y, z} is linearly independent. On the other hand, we have (x+y)+ (y+2)+ (z+2) =
(1,1,0)4(0,1,1)+(1,0,1) = (140+1, 14140, 0+1+1) = (0,0,0), which shows that {z+y, y+z, +2}
is linearly dependent.

Let U and V be vector spaces over a field F', and define W = U x V. Suppose {u1,...,ur} C U and
{v1,...,v¢} C V are linearly independent. We wish to show that {(u1,0),..., (ug,0), (0,v1),...,(0,ve)}
is also linearly independent. Suppose ai,...,ak,01,...,0: € F satisfy aq(u1,0) + -+ + ag(ug,0) +
B1(0,v1) + -+ + Be(0,v7) = (0,0). This reduces to (ajus + -+ + aguk, f1v1 + -+ + Beve) = (0,0),
which holds if and only if ajus + -+ + agur = 0 and f1v1 + -+ + Bevg = 0. Since {uq,...,ux} is
linearly independent, the first equation implies that a; = -+ = o, = 0, and, since {v1,...,ve} is linearly
independent, the second implies that 81 = --- = 8y = 0. Since all the scalars are necessarily zero, we see
that {(u1,0),..., (ug,0),(0,v1),...,(0,v)} is linearly independent.

Let V be a vector space over a field F', and let w1, uso, ..., u, be vectors in V. Suppose a nonempty subset
of {uy,ug,...,un}, say {ui,...,u; }, is linearly dependent. (Here 1 < k < n and iy,...,1 are distinct
integers each satisfying 1 < i; < n.) We wish to prove that {u1,us, ..., u,} itself is linearly dependent. By
assumption, there exist scalars o, ..., a;, € F, not all zero, such that o;, u;, +- - -+ oy, u;, = 0. For each
ie{l,...,n}\{i1,...,9}, define a; = 0. Then we have ayus +- -+ anuy, = 0+ a;, u;, +- - -+, u;, =0,
and not all of a1, . .., o, are zero since at least one oy, is nonzero. This shows that {uy, ..., u,} is linearly
dependent.

Let V be a vector space over a field F', and suppose {u1,us,...,u,} is a linearly independent subset of
V. We wish to prove that every nonempty subset of {u1,us,...,u,} is also linearly independent. The
result to be proved is simply the contrapositive of the statement in the previous exercise, and therefore
holds by the previous proof.

Let V be a vector space over a field F, and suppose {u1, ua, ..., un} is linearly dependent. We wish to
prove that, given any i, 1 < i < n, either u; is a linear combination of uy, ..., u;—1,Uij+1,. .., U, or these
vectors form a linearly dependent set. By assumption, there exist scalars g, ..., a, € F, not all zero, such
that aquy +- -+ ou; + - - - + ayu, = 0. We now consider two cases. If «; # 0, the we can solve the latter
equation for u; to obtain u; = —a;lalul — -—a;lai_lui_l —oz;lozHlqu - -—a;lanun. In this case,
u; is a linear combination of the remaining vectors. The second case is that «; = 0, in which case at least
oneof g, ..., 1,041, ... ,Qy is nonzero, and we have ayui +- - -+ —1%;—1+ Q4 1Ui+1+- - -+ apu, = 0.
This shows that {ui,...,u;i—1,u;t1,...,u,} is linearly dependent.

2.6 Basis and dimension

1.

Suppose {v1,v9,...,v,} is a basis for a vector space V.

(a) We wish to show that if any v; is removed from the basis, the resulting set of n — 1 vectors does not

span V and hence is not a basis. This follows from Theorem 24: Since {v,va,...,v,} is linearly
independent, no v;, j = 1,2,...,n, can be written as a linear combination of the remaining vectors.
Therefore,

vj &sp{vr, ..., V-1, V41, -, Un}s

which proves the desired result.

(b) Now we wish to show that if any vector u € V, u & {v1,v2,...,v,}, is added to the basis, the
resulting set of m 4+ 1 vectors is linearly dependent. This is immediate from Theorem 34: Since
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the dimension of V' is n, every set containing more than n vectors is linearly dependent. Since
{v1,v2,...,0n,u} contains n + 1 vectors, it must be linearly dependent.

2. Consider the following vectors in R3: v; = (—=1,4,-2), va = (5,-20,9), v3 = (2,—7,6). We wish to

determine if {v1,v2,v3} is a basis for R3. If we solve ayv1 + aavy + azvs = x for an arbitrary € R3, we
find a unique solution: oy = 57x1 4+ 1225 — bx3, as = 10x1 + 222 — x3 a3 = 4x1 + z2. By Theorem 28,
this implies that {vi, ve,v3} is a basis for R?.

. We now repeat the previous exercise for the vectors v; = (1,3, —1), va = (1,—-2,-2), v3 = (1,7, —13).

If we try to solve ayv1 + aipva + aizvs = x for an arbitrary € R3, we find that this equation is equivalent
to the following system:

-1+ ag —az =21
as + 4oz = 3x1 + T2
0 =8z + 3x2 + x3.

Since this system is inconsistent for most z € R? (the system is consistent only if # happens to satisfy
81 + 329 + 23 = 0), {v1, v2,v3} does not span R? and therefore is not a basis.

. Let S = sp{e®, e~ "} be regarded as a subspace of C(R). We will show that {e”,e*}, {cosh (x),sinh (z)}

are two different bases for S. First, to verify that {e”,e~"} is a basis, we merely need to verify that it is
linearly independent (since it spans S by definition). This can be done as follows: If ¢1e® 4+ coe™® = 0,
where O represents the zero function, then the equation must hold for all values of x € R. So choose
x =0 and x = In2; then ¢; and ¢ must satisfy

c1+co =0,

1
2c1 + 562 =0.

It is straightforward to show that the only solution of this system is ¢; = ¢o = 0, and hence {e*, e "} is
linearly independent.
Next, since
1 1 1 1
cosh (z) = 56”” + 56796, cosh (z) = 5696 — 56796,

we see that cosh(z),sinh(x) € § = sp{e®,e""}. We can verify that {cosh (z),sinh (z)} is linearly
independent directly: If ¢; cosh (z) + o sinh () = 0, then, substituting © = 0 and = In 2, we obtain the
system

) 3
l-c14+0-c0=0, 1614—162:0,

and the only solution is ¢; = ¢a = 0. Thus {cosh (z),sinh (z)} is linearly independent. Finally, let f be
any function in S. Then, by definition, f can be written as f(x) = a1e® + age™ for some ay, az € R.
We must show that f € sp{cosh (z),sinh ()}, that is, that there exist ¢, c2 € R such that

c¢1 cosh (z) + cosinh () = f(x).
This equation can be manipulated as follows:
¢ cosh (z) + ¢ sinh (z) = f(x)

1 1 1 1
& (56” + 56‘”) +co (56” - 56"”) = e’ +age””

1 1 1 1
& <§cl + 502) e’ + <§cl — 502) e " =qi1e” + age .
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Since {{e®,e~"} is linearly independent, Theorem 26 implies that the last equation can hold only if

1 1 1 1
501 + 502 = o, 501 — 5020[2.

This last system has a unique solution:
€1 = a1+ ag, 2 =01 — Q.
This shows that f € sp{cosh (z),sinh (x)}, and the proof is complete.

5. Let p1(x) = 1 — 4w+ 422, po(x) = v+ 22, p3(v) = —2+ 112 — 62%. We will determine whether {p1, p2, p3}
is a basis for Py or not by solving a1p; () + aap2(z) + azps(z) = co + c17 + coz?, where cg + 12 + coz?
is an arbitrary element of P,. A direct calculation shows that there is a unique solution for aq, as, asg:

a1 = 17co + 2¢1 — 2¢2, ag = 3ca — 2¢1 — 20¢y, ag = 8¢y + ¢1 — Ca.
By Theorem 28, it follows that {p1,p2,p3} is a basis for Px.

6. Let p1(x) =1 — 22, po(z) = 2+ 2, p3(v) = 2+ 22%. We will determine whether {p;, p2, p3} a basis for Py
by trying to solve
a1p1(z) + aopa(z) 4 asps(z) = co + a1z + caa?,

where cg, c1, co are arbitrary real numbers. This equation is equivalent to the system

a1 + 209 = ¢,
ag + a3 = ¢,

—a1 + 203 = co.
Solving this system by elimination leads to

o1 + 2a = co,
a2 + a3 = c1,
0=co—2c1 + ca,

which is inconsistent for most values of ¢, c1, ca. Therefore, {p1,p2, ps} does not span P, and hence is
not a basis for Ps.

7. Consider the subspace S = sp{p1, p2, p3, P4, 5} of P3, where
pi(z) = =1+ 4o — 2% + 323, pa(z) = 2 — 8z + 227 — 52,
p3(z) =3 — 11z + 32% — 823, py(z) = —2 + 8z — 222 — 323,
ps(z) = 2 — 8z 4 222 + 32°.

(a) The set {p1,p2, ps, P4, 5} is linearly dependent (by Theorem 34) because it contains five elements
and the dimension of Ps is only four.

(b) As illustrated in Example 39, we begin by solving
a1p1 () + azp2 () + azps(z) + aapa(z) + asps(z) = 0;
this is equivalent to the system

—aq + 2a0 + 3a3 — 204 + 2a5 = 0,
4oy — 8ag — 1las + 8ay — 8as = 0,
—a1 + 20 + 3as — 2a4 + 205 = 0,

3a1 — dag — 8as — 3ay + 3as =0,
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which reduces to

o] = 16&4 - 16@5,
g = 90[4 — 90457

Oé3=0.

Since there are nontrivial solutions, {p1, p2, ps, p4, ps } is linearly dependent (which we already knew),
but we can deduce more than that. By taking ay = 1, a5 = 0, we see that oy = 16, as =9, ag = 0,
ay = 1, as = 0 is one solution, which means that

16p1(z) + 9p2(z) + pa(z) =0 = py(z) = —16p1(x) — Ipa ().
This shows that psy € sp{p1,p2} C sp{p1,p2,p3}. Similarly, taking ay = 0, as = 0, we find that
—16p1(x) — 9pa(z) + ps(z) =0 = ps(z) = 16p1(x) + Ip2(z),

and hence ps € sp{p1,p2} C sp{p1,p2,p3}. It follows from Lemma 19 that sp{p1, p2, ps,ps,p5} =
sp{p1,p2,ps}. Our calculations above show that {p1, ps, ps} is linearly independent (if ay = a5 = 0,
then also @1 = ag = a3 = 0). Therefore, {p1, p2, ps} is a linearly independent spanning set of S and
hence a basis for S.

8. We wish to find a basis for sp{(1,2,1),(0,1,1),(1,1,0)} € R®. We will name the vectors vy, va, v3,

respectively, and begin by testing the linear independence of {v1,vs,v3}. The equation ajv1 + v +
azvz = 0 is equivalent to

a1 +asz =0,
200 + a9 + a3 =0,

a1 + oy =0,

which reduces to
] = —Q3, g = (3.
One solution is a3 = —1, as = 1, ag = 1, which shows that —v; + vy +v3 = 0, or v3 = v; — vy. This

in turns shows that sp{vi,ve,v3} = sp{vi,v2} (by Lemma 19). Clearly {v1, vz} is linearly independent
(since neither vector is a multiple of the other), and hence {v1,v2} is a basis for sp{vy, v, v3}.

. We wish to find a basis for S =sp{(1,2,1,2,1),(1,1,2,2,1),(0,1,2,0,2)} in Z3. The equation

al(la 27 ]-a 27 ]-) + 052(17 ]-a 27 27 1) + 053(07 ]-a 27 07 2) = (07 0707 070)
is equivalent to the system

a1 +as =0,

2000 + ag + a3 =0,
a1+ 2an + 2a3 = 0,
201 + 2a9 = 0,

a1 + as + 2a3 = 0.

Reducing this system by Gaussian elimination (in modulo 3 arithmetic), we obtain
a; =ag =az =0,

which shows that the given vectors form a linearly independent set and therefore a basis for S.



2.6. BASIS AND DIMENSION 25

10.

11.

12.

13.

We will show that {1+ 2 + 22,1 — 2 + 22,1 + = + 222} is a basis for Py(Z3) by showing that there is a
unique solution to

o (1+x—|—x2)+a2 (1—x+x2)+a3 (1+x+2x2) :co+clx+02x2.
We first note that 1 — x + 22 = 1 + 2z + 22 in P2(Z3), so we can write our equation as
a1 (1+x—|—x2)+a2 (1+2x+x2)+a3 (1+x—|—2x2) :co+clx+02x2.

We rearrange the previous equation in the form

(1 + g + a3) + (a1 + 22 + ag)z + (@1 + a2 + 2043)3:2 = co + 12 + a7’
Since the polynomials involved are of degree 2 and the field Zs contains 3 elements, this last equation is
is equivalent to the system

oy + az + a3 = ¢,
a1 +2a2 + a3 =cq,

a1+ as + 2a3 = co

(cf. the discussion on page 45 of the text). Applying Gaussian elimination (modulo 3) shows that there
is a unique solution:

o1 = cg + 2¢1 + c2,
a9 = 2¢g + c1,

a3 = 2c¢y + co.
This in turn proves (by Theorem 28) that the given polynomials form a basis for P2(Z3).
Suppose F' is a finite field with ¢ distinct elements.

(a) Assume n < ¢—1. We wish to show that {1,z,22,...,2"} is a linearly independent subset of P,,(F).
(Since {1,x,22,...,2"} clearly spans P,(F), this will show that it is a basis for P, (F), and hence
that dim(P,(F)) = n + 1 in the case that n < ¢ — 1.) The desired conclusion follows from the
discussion on page 45 of the text. If ¢g- 1+ ciz + - - -+ cpa™ = 0 (where 0 is the zero function), then
every element of F' is a root of ¢y - 1 4+ c1z + -+ + cpx™. Since F' contains more than n elements
and a nonzero polynomial of degree n can have at most n distinct roots, this is impossible unless
co=c1=...=¢, =0. Thus {1,z,...,2"} is linearly independent.

(b) Now suppose that n > ¢. The reasoning above shows that {1, z,22,..., 297!} is linearly independent
in Pp(F) (co-1+cr1z+ -+ cqg_1297 " has at most ¢ — 1 distinct roots, and F contains more than
g — 1 elements, etc.). This implies that dim (P, (F')) > ¢ in the case n > q.

Suppose V is a vector space over a field F', and S, T are two n-dimensional subspaces of V. We wish to
prove that if S C T, then in fact S =T. Let {s1,$2,...,8,} be a basis for S. Since S C T, this implies
that {s1,82,...,8,} is a linearly independent subset of T. 'We will now show that {s1,s2,...,$,} also
spans T. Let t € T be arbitrary. Since T has dimension n, the set {s1, S2,. .., s, t} is linearly dependent
by Theorem 34. But then, by Lemma 33, t must be a linear combination of s1, s9,. .., s, (since no sy is a
linear combination of s1,sa,...,s;—1). This shows that ¢ € sp{s1, s2,..., S}, and hence we have shown
that {s1,s2,...,8,} is a basis for 7. But then

T =sp{s1,52,...,8,} =S,
as desired.

Suppose V is a vector space over a field F, and S, T are two finite-dimensional subspaces of V' with
S C T. We are asked to prove that dim(S) < dim(7"). Let {s1, 2, ..., S} be a basis for S. Since S C T,
it follows that {s1, s2,..., S, } is a linearly independent subset of T', and hence, by Theorem 34, any basis
for T' must have at least n vectors. It follows that dim(7") > n = dim(.5).
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14. (Note: This exercise belongs in Section 2.7 since the most natural solution uses Theorem

43.) Let V be a vector space over a field F', and let S and T be finite-dimensional subspaces of V. We
wish to prove that
dim(S 4+ T') = dim(S) + dim(7T") — dim(S N T).

We know from Exercise 2.3.19 that S N7 is a subspace of V', and since it is a subset of S, dim(SNT) <
dim(S). Since S is finite-dimensional by assumption, it follows that S N T is also finite-dimensional, and
therefore either SNT = {0} or SN T has a basis.

Suppose first that S NT = {0}, so that dim(SN7T) = 0. Let {s1,82,...,8m} be a basis for S and
{t1,t2,...,tn} be a basis for T. We will show that {s1,..., Sm,?1,...,ts} is a basis for S+ T, from which
it follows that

dim(S+T)=m+n=m+n—0=dim(S) + dim(T) — dim(SNT).

The set {s1,...,8m,t1,...,tn} is linearly independent by Exercise 2.5.15. Given any v € S + T, there
exist s € S, t € T such that v = s+ t. But since s € S, there exist scalars a1, ..., a, € F such that
s =a181 + -+ amsy,. Similarly, since t € T', there exist §1,..., 8, € F such that t = B1t1 + - - - + Butn.
But then

v=s+t=0o181+ "+ amSm + Bit1 + - + Butn,

which shows that v € sp{s1,...,Sm,t1,...,tn}. Thus we have shown that {s1,...,sm,t1,...,tn} is &
basis for S + T, which completes the proof in the case that SNT = {0}.

Now suppose SNT is nontrivial, with basis {v1, ..., v }. Since SNT is a subset of S, {v1,..., v} is alin-
early independent subset of S and hence, by Theorem 43, can be extended to a basis {v1, ..., Uk, $1,...,Sp}
of S. Similarly, {v1,..., v} can be extended to a basis {v1,..., vk, t1,...,tq} of T. We will show that
{v1,..., VK, S1,.-,Sp,t1,...,tq} is a basis of S +T. Then we will have

dim(S) =k +p, dim(T) =k +¢, dim(SNT) =k
and
dim(S+T)=k+p+q=(k+p)+ (k+q) — k =dim(S) + dim(T") — dim(SNT),

as desired. First, suppose v € S+ T. Then, by definition of S+ T, there exist s € S and t € T such that
v =s+t. Since {v1,...,Vk,51,...,Sp} is a basis for S, there exist scalars ay, ..., ax, 51,...,0p € F such
that

s = a1V + -+ apvg + G151+ -+ Bpsp.
Similarly, there exist v1,...,7vk,01,...,04 € F such that
t=myv1 4+ YV + 0151+ -+ 045q-
But then
v=s+t=o0qvi + -+ opvg + G151+ + Bpsp+
Y1U1 F -+ YRV + 0151 + - -+ JgSg
= (ar + 7)o+ -+ (ak + )k + Brst + -+ + Fpsp+
O1t1 +'-'+5qtq

€ sp{v1,. .., Uk, 15+, Sp, b1, ..., lg )

This shows that {vy,..., vk, S1,...,Sp, t1,...,tq} spans S+T'. Now suppose a1, ..., 0k, B1, -+, Bps Y15+ -5%q €

F satisty
vy + -+ o+ Bis1 4+ Bpsp F it + -+ Yty = 0.

This implies that
arvr + o+ agug + st 4+ Bpsp = =it — - — Yglg-



2.6. BASIS AND DIMENSION 27

15.

16.

17.

The vector on the left belongs to S, while the vector on the right belongs to T'; hence both vectors (which
are really the same) belong to S NT. But then —yit; — - -+ — 4t, can be written in terms of the basis
{v1,...,u} of SNT, say

=Yt — -+ = Ygtq = 6101 + - + Sp V.

But this gives two representations of the vector —yit; — -+ — 4ty € T in terms of the basis
{Ul, ce ,Uk,f,l, . ,tq}.

Since each vector in T' must be uniquely represented as a linear combination of the basis vectors, this is
possible only if vy = --- =7, =01 = --- = 6 = 0. But then

aivr + -+ agvg + Bis1 + o+ Bpsp =0,

and the linear independence of {v1,...,vg,01,...,5p} implies that oy = -+ =ap =1 =--- = [, = 0.
We have thus shown that
{vi,.. ., 0k, 81, -, Spy 1, ..o, B}

is linearly independent, which completes the proof.

Let V be a vector space over a field F, and let S and T be finite-dimensional subspaces of V. Consider
the four subspaces
X1=85 Xo=T, X3=85+T, X,=85nT.

For every choice of 7, j with
1<i<j<d,

we wish to determine if dim(X;) < dim(X;) or dim(X;) > dim(X;) (or neither) must hold. First of all,
since S and T are arbitrary subspaces, it is obvious that there need be no particular relationship between
the dimensions of S and T'. However, S C S + T since each s € S can be written as s =s+0€ S+ T
(0 € T because every subspace contains the zero vector). Therefore, by Exercise 13, dim(S) < dim(S+1T).
By the same reasoning, ' C S + T and hence dim(7) < dim(S + 7). Next, SNT C S, SNT C T, and
hence dim(S NT) < dim(S), dim(SNT) < dim(T). Finally, we have SNT C S C S+ T, and hence
dim(SNT) <dim(S+T).

Let V be a vector space over a field F, and suppose S and T are subspaces of V satisfying SNT = {0}.
Suppose {s1,82,...,8k} C S and {t1,t2,...,ts} C T are bases for S and T, respectively. We wish to
prove that

{s1,52,..., 8k, t1,ta, ... 1y}

is a basis for S + T'. This was done in the course of proving the result in Exercise 14.

Let U and V be vector spaces over a field F', and let {u1,...,u,} and {v1,...,v,} be bases for U and
V', respectively. We are asked to prove that

{(Ulao)v SRR (unao)v (Oavl)a LR (O,Um)}

is a basis for U x V. First, let (u,v) be an arbitrary vector in U x V. Then u € U and there exist
i, ..., € F such that w = cyug + -+ - + apuy,. Similarly, v € V and there exist 31,..., 8, € F such
that v = Byv1 + - - - + Bivm. It follows that
(u,v) = (u,0) + (0,v)
- (alul + -+ aply, 0) + (Oa 61”1 + -+ ﬂmvm)
= ai(u1,0) + - an(un,0) + 41(0,v1) + - - + B (0, vp).

This shows that {(u1,0),..., (un,0),(0,v1),...,(0,v,)} spans U x V. Next, suppose ai,...,a, € F,
61) e 7ﬁm S F Satisfy

al(ulvo) +"'an(una0) +ﬂ1(0av1) +"'+ﬂm(0avm) =0.
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Since the zero vector € U x V is (0,0), this yields

(alul + -+ QpUn, 0) + (0; 61”1 +-- 4+ 6mvm) = (07 O)a

which is equivalent to

oy + -+ antin =0, fron + -+ Brvm = 0.

Since both {u1,...,u,} and {v1,..., vy} are linearly independent, it follows that a3 = --- = a,, = 81 =
-+« = B = 0. This shows that {(u1,0),..., (tn,0),(0,v1),...,(0,vy)} is linearly independent, and the
proof is complete.

We will prove that the number of elements in a finite field must be p™, where p is a prime number and n
is a positive integer.

Let F be a finite field.

(a)

Let p be the characteristic of F'. Then
0,1, 1+1,14+1+1,...,14+1+---+1

(p — 1 terms in the last sum) are distinct elements of F', while 14+ 1+ --- 4+ 1 (p terms) is 0. We
will write 2 =141, 3 =1+ 1+ 1, and so forth, thus labeling p distinct elements of F', namely,
0,1,...,p—1. We can then show that {0,1,2,...,p — 1} C F is a subfield of F' isomorphic to Z,.
Writing out a formal proof is difficult, because the symbols 0,1, 2,...,p— 1 have now three different
meanings (they are elements of Z, elements of Z,, and now elements of F'). For the purposes of this
proof, we will temporarily write O, 1x,..., (p—1)F for the elements of I, 0z,,1z,,...,(p—1)z, for
the elements of Z,, and 0,1, ...,p—1 for the elements of Z. Let us define G = {0p,1p,...,(p—1)r}
and ¢ : G — Z, by ¢(kp) = kz,. If k+ £ < p, then kp + {F is the sum of k + ¢ copies of 1, which
is (k+ /) by definition. Similarly, kz, + ¢z, = (k+{)z, by definition of addition in Z,. Therefore,

¢(kp +Lr) = ¢((k + OF) = (k+ )z, = kz, +lz, = ¢(kr) + d((F).

On the other hand, if 0 < K,/ <p—1 and k+ ¢ > p, then kr + £ is the sum of k& + ¢ copies of 1p,
which can be written (by the associative property of addition) as the sum of p copies of 1z plus the
sum of k + ¢ — p copies of 1x. This reduces to O + (k+ ¢ — p)r = (k+ £ — p)p. Similarly, by the
definition of addition in Z,, kz, + ¢z, = (k +{ —p)z,, and therefore, in this case also, we see

o(kp +Llp) = o((k+ L —p)r) = (k+{—p)z, = kz, +z, = ¢(kr) + ¢({F).

Therefore, ¢ preserves addition.

Now, by the distributive law, kp¢p can be written as the sum of k¢ copies of 1r (a careful proof of
this would require induction). If k¢ = gp+r, where ¢ > 0 and 0 < r < p—1, then, by the associative
property of addition, we can write kpfp as the sum of ¢ + 1 sums, the first ¢ of them consisting of
p copies of 1p (and thus each equalling 0) and the last consisting of r copies of 1p. It follows that
krplr = rp. By definition of multiplication in Z,, we simiarly have kz (z, = rz,, and hence

p(krlp) = ¢(rp) =1z, = kz,lz, = ¢(kr)o(lF).

Therefore, ¢ also preserves multiplication, and we have shown that G and Z, are isomorphic as
fields.

We now drop the subscripts and identify Z, with the subfield G of F. We wish to show that that
I is a vector space over Z,. We already know that addition in F' is commutative, associative, and
has an identity, and that each element of F' has an additive inverse in F'. The associative property
of scalar multiplication and the two distributive properties of scalar multiplication reduce to the
associative property of multiplication and the distributive property in F'. Finally, 1 -« = u for all
u € F since 1 is nothing more than the multiplicative identity in F. This verifies that F' is a vector
field over Z,.
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(c) Since F has only a finite number of elements, it must be a finite-dimensional vector space over Z,,.

Let the dimension be n, and let {fi,..., fn} be a basis for F. Then every element of F' can be
written uniquely in the form
arfi+aafa+ -+ anfa, (2'1)

where ai1,as,...,a, € Z,. Conversely, for each choice of aq,as,...,a, in Z,, (2.1) defines an
element of F'. Therefore, the number of elements of F' is precisely the number of different ways to
choose a1, aa, ..., a, € Zy, which is p™.

2.7 Properties of bases

1. Consider the following vectors in R3: vy = (1,5,4), va = (1,5,3), v3 = (17,85,56), vs = (1,5,2),

Vs =

()

(3,16,13).

We wish to show that {v1,v2,v3,v4,v5} spans R3. Given an arbitrary x € R3, the equation
a1U1 + QU2 + 3V3 + Qg4 + 5V5 = X

is equivalent to the system

041+062+17063+C¥4+3045 =,
Sag + bag + 85ai3 + bay + 16ais = za,
daq + 3ag + 56as + 204 + 1305 = x3.

Applying Gaussian elimination, this system reduces to

a1 = 17Tx1 — 4a9 + 3 — bag + ay,

a9 = x9 — 21 — 3 — 1203 — 205,

a5 = Ty — dT1.
This shows that there are solutions regardless of the value of z; that is, each € R3 can be written
as a linear combination of v1,v2, v3,v4,vs. Therefore, {v1,va,v3,v4,v5} spans R3.

Now we wish to find a subset of {vy, ve, v, v4, v5} that is a basis for R3. According to the calculations
given above, each € R? can be written as a linear combination of {v1, vo,vs} (just take az = ay = 0
in the system solved above). Since dim(R?) = 3, any three vectors spanning R? form a basis for R3
(by Theorem 45). Hence {v,vs,vs} is a basis for R?.

2. Consider the following vectors in R*:

(a)

u = (1,3,5,-1), ug = (1,4,9,0), uz = (4,9,7,—5).

We wish to show that {ui,us,us} is linearly independent, which we do by solving aju + agus +
asusg = 0. This is equivalent to the system
ag + ag +4ag =0,
3ay 4+ 4as + 9a3 = 0,
5ap + 9as + Tag =0,
—a1 — bag = 0.
Applying Gaussian elimination, we find that the only solution is oy = as = ag = 0. Thus {uq, uz, us}
is linearly independent.

Since sp{u1,ug,u3} is a three-dimensional subspace of R*, and hence a very small part of R*, almost
every vector in R* does not belong to sp{uy,us,u3} and hence would be a valid fourth vector for a
basis. We choose uq = (0,0,0,1), and test whether {uy, us2,us,us} is linearly independent. A direct
calculation shows that aju; + agus + azug + aqus = 0 has only the trivial solution, and hence (by
Theorem 45) {u1, uz, us, us} is a basis for R*.
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3. Let p1(x) = 2 — 5z, pa(z) = 2 — 5z + 422

(a) Obviously {p1,p2} is linearly independent, because neither polynomial is a multiple of the other.
(b) Now we wish to find a polynomial p3 € P2 such that {p1,p2,p3} is a basis for Ps. Since sp{p1,p2}
is a two-dimensional subspace of the three-dimensional space Ps, almost any polynomial will do; we
choose p3(x) = 1. We then test for linear independence by solving ¢;p1 () + capa(x) + csps(x) = 0.
This equation is equivalent to
(2¢1 + 2¢2 + ¢3) + (—=5c1 — bea)x + dega® = 0,
which in turn is equivalent to the system
2¢1 + 2¢0 4¢3 =0,
—501 - 502 = 0,
4(32 =0.
A direct calculation shows that the only solution is ¢; = ¢o = ¢3 = 0, and hence {p1,p2,ps} is

linearly independent. It follows from Theorem 45 that {p1, p2, p3} is a basis for R3.

4. Define p1, p2,p3, pa, ps € P2 by

pi(x) =z, pa(x) =1+ z, ps(x) =3+ bz,
pa(x) =5+ 8z, ps(x) =3 +z — 2.
(a) We first show that {p1,pa,ps,ps,p5} spans Pa. Given an arbitrary q(z) = ag + a1x + agz? in P,
the equation cip1(x) + capa(x) + csp3(x) + capa(x) + csps(x) = g(x) is equivalent to
(ca 4+ 3c3 4+ 5cq + 3c5) + (c1 + c2 + 5es + 8cq + ¢5)x — 5% = ag + a1z + asz?,
and hence to the system

c2 + 3c3 + beg + 3cs = ag,
c1+co+5c3+ 8¢y +c5 = ay,
—Cs = Q9.
Applying Gaussian elimination, we obtain the reduced system
C1 —ay —apg— 2@2 — 263 — 3647
co = ag + 3as — 3¢z — dcy,
Cy = —Qg.
We see that, regardless of the values of ag, a1, as, there is a solution, and hence {p1,p2,p3, 4,05}
spans Ps.
(b) We now find a subset of {p1,p2, ps,ps,ps} that forms a basis for P,. From the above calculation,

we see that every ¢ € Pa can be written as a linear combination of pi,ps, ps. Since dim(Ps) = 3,
Theorem 45 implies that {p1,p2,ps} is a basis for Ps.

5. Let u; = (1,4,0,—5,1), uz = (1,3,0,—4,0), ug = (0,4,1,1,4) be vectors in R®.

(a) To show that {u1,uz,us} is linearly independent, we solve the equation ajuy + agus + agus = 0,
which is equivalent to the system

a1+ ag =0,
4o 4 3ag + 4asz =0,

az =0,
—bay — 4as + az =0,
a1 + 4das = 0.

A direct calculation shows that this system has only the trivial solution.
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(b) To extend {u1,us,u3} to a basis for R®, we need two more vectors. We will try uy = (0,0,0,1,0)
and us = (0,0,0,0,1). We solve aju; + asus + asus + agug + asus = 0 and find that the only
solution is the trivial one. This implies that {uy,ug, us, g, us} is linearly independent and hence,
by Theorem 45, a basis for R?.

6. Consider the following vectors in R®:

1 —1 1
2 3 7
Uy = 0 , Uz = 2 , Uz = 2 5
1 1 3
1 -1 1
1 2
-2 10
ugs= | =1 |, us = 3
1 6
1 2

Let S = sp{uq,ug, us, ug, us}. We wish to find a subset of {u1,us, us, ug, us} that is a basis for S. We
let = be an arbitrary vector in R® and solve aju; + asus + asus + asuy + asus = x. This equation is
equivalent to the system

o1 —az + o3+ ag + 205 = 21,

201 + 3ag + Tag — 204 + 10as = 9,
200 + 2ai3 — ag + 3as = a3,

a1 + az + 3as + ag + 6as = x4,

o1 — oo + o3+ oy + 205 = 5.

Applying Gaussian elimination, this system is equivalent to

1
== 2 — —24 — 202 — 3
(051 2$1+963 2$4 Qas Qs,
1
a2:—§x1+§x4—a3—2a5,
a4 = —T1 — T3 + Tq — O,

7 3
0= —§x1 + xo —4dx3 + §x4,

0=—x1+ z5.

We see first of all that S is a proper subspace of R, since z ¢ S unless
7 3
—51‘1 + 29 — 4x3 + 51‘4 =0, —z1 +25 =0.

We also see that any x € S can be represented as a linear combination of w1, us, us4 by taking az = a5 =0
in the above equations. Finally, it can be verified directly that {uq,us,us} is linearly independent and
hence a basis for S.

7. Consider the following polynomials in Ps:

pi(z) =1 —da+ 2>+ 23 po(z) =3 — 1o + 22 + 423,
ps(x) = —x +22° — 2°, pa(x) = —a” + 22°,
ps(z) =5 — 18z + 222 + 52°.
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We wish to determine the dimension of S = sp{p1, p2, ps, P4, ps}. We solve c1p1(x) + capa(x) + c3ps(z) +
capa(x) + c5ps(x) = 0 to determine the linear dependence relationships among these vectors (notice that
we already know that {p1,pa,ps,ps,ps} is linearly dependent because the dimension of Ps is only 4).
This equation is equivalent to the system

c1 + 3ca + 5es =0,

—4cy — 1lcg — c3 — 18¢c5 =0,
c1 4+ co+ 2¢c3 —cqg + 2¢c5 =0,
2c1 +4co — c3 + 2¢4 + 5es = 0.

Applying Gaussian elimation yields

1
c1 =0, co = —505, c3 = 505, C4 = Cs.

Choosing ¢5 = 1, we see that

~2pae) + 3ps(e) + pale) + ps(a) = 0.

We can solve this equation for ps(z), which shows that ps € sp{p2,p3,p4} C sp{p1,p2,p3,p4}. Therefore,
S = sp{p1,p2,p3,p4}. The above calculations also show that the only solution of ¢ip1(z) + copa(z) +
csps(x) + capa(x) + esps(x) = 0 with ¢; = 0 is the trivial solution, that is, the only solution of ¢1p;(x) +
copa(z) + caps(x) + capa(x) = 0 is the trivial solution. Thus {p1, p2, p3,psa} is linearly independent and
hence a basis for S. (This also shows that .S is four-dimensional and hence equals all of P3.)

. Let S = sp{v1,va,v3,v4} C C3, where

v =(1—i,344,1+1%), vo=(1,1—14,3),
vy = (i,—2 — 20,2 — i), vg = (2 —i,7+ 30,2 + 5i).

We will find a basis for S. We begin by solving ajvi + asve + asvs + agvs = 0, which is equivalent to
the system

(1 —Z')oq + as + tag + (2 —i)Oé4 =0,

B4+idar+ (1 —d)ag + (=2 —2i)ag + (7T + 3i)ay =0,
(I4+d)ag +3az+ (2 —i)ag + (2 + 5i)ag = 0.

Applying Gaussian elimination yields
a1 = a3 — 20, g = —Q3 — 10y.

Taking az = 1, aqy = 0, we see that v3 can be written as a linear combination of vy, v, and taking az = 0,
a4 = 1, we see that vy can be written as a linear combination of v1,vs. Thus both v3 and vy belong to
sp{v1, v2}, which shows that S = sp{vi,v2}. Since neither vy nor ve is a multiple of the other, we see
that {v1,va} is linearly independent and hence is a basis for S.

9. Consider the vectors u; = (3,1,0,4) and ug = (1,1,1,4) in Z}.

(a) Tt is obvious that {uy,uz} is linearly independent, since neither vector is a multiple of the other.

(b) To extend {u1,us2} to a basis for Z2, we must find vectors ug, us such that {uq,us,us, us} is linearly
independent. We try ug = (0,0,1,0) and uqy = (0,0,0,1). A direct calculation then shows that
aqug + asug + agus + agus = 0 has only the trivial solution. Therefore {uq,us, us, us} is linearly
independent and hence, since dim(Z2) = 4, it is a basis for Z2.
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10. Let S = sp{v1,v2,v3} C Z3, where

11.

vr = (1,2,1), v2 =(2,1,2), vs = (1,0,1).

We wish to find a subset of {v1,v2,v3} that is a basis for S. As usual, we proceed by solving ajv; +
vy + aszvy = 0 to find the linear dependence relationships (if any). This equation is equivalent to the
system

a1+ 2as +ag =0,
201 + ag =0,
a1 + 200 + a3 =0,

which reduces, by Gaussian elimination, to

a1 = (g, Q3 =0.

It follows that v1 +v9 = 0, or vo = 2v; (notice that —1 = 2 in Z3). Therefore sp{vy,v3} = sp{v1,ve,v3} =
S. It is obvious that {v1, vs} is linearly independent (since neither vector is a multiple of the other), and
therefore {vy,vs} is a basis for S.

Let F be a field. We will show how to produce different bases for a nontrivial, finite-dimensional vector
space over V.

(a)

Let V be a 1-dimensional vector space over F', and let {u;} be a basis for V. Then {ou,} is a basis
for V for any a # 0. To prove this, we first note that u; is nonzero since {u1} is linearly independent
by assumption; therefore oy (1) = 0 implies that (a;a)u; = 0 and hence (by Theorem 5, part 6)
that a;a0 = 0. Since a # 0, this in turn yields a3 = 0, and hence {au;} is linearly independent.
Now suppose v € V. Since {u1} is a basis for V', there exists 5 € F such that Su; = v. But then
(Ba™!) (qu1) = v, which shows that {ou;} spans V. Thus {au,} is a basis for V.

Now let V be a 2-dimensional vector space over F, and let {u1, us} be a basis for V. We wish to prove
that {aus, Bui +~us} is a basis for V for any a # 0, v # 0. First, suppose a1 (cuy)+ag(Bur +yus) =
0. We can rewrite this equation as (aaq + fBag)ur + (yaz)us = 0 and, since {ui,us} is linearly
independent, this implies that

aay + fas =0,
Yoo = 0.

Since 7 # 0 by assumption, the second equation implies that ag = 0. Then the first equation
simplifies to awr; = 0, which implies (since a # 0) that ay = 0. This shows that {auq, Sus + yusa}
is linearly independent.

Now suppose v € V. Since {uy,uz} is a basis for V, there exist 31, 82 € F such that v = Byu; + Saus.
We wish to find a1,as € F such that aj(cuy) + as(Bur + yuz) = v. We can rearrange this last
equation to read (awy + Bag)uy + (yaz) = v, which then yields (aa; + Sag)ut + (yag) = Prur + Pous.
Since v has a unique representation as a linear combination of the basis vectors wuq, uq, it follows
that

aay + Bag = P,
yaz = [a.
This system can be solved to yield a unique solution:

a1 =a B — By ' Ba), as =75

This shows that v € sp{aui, Su1 + yus}, and hence that {auy, Sus + yuz} spans V. Therefore,
{auq, fus + yus} is a basis for V.
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(c¢) Let V be a vector space over F with basis {u1,...,u,}. We wish to generalize the previous parts of
this exercise to show how to produce a collection of different bases for V. We choose any scalars

i, 1=1,2,...,n, 5=1,2,...,14,
with ag; #£ 0 for all i = 1,2,...,n. Then the set
{an1u1, ao1u1 + aua, ..., ap1ts + apatia + - -+ + Qpnln | (2.2)

is a basis for V. We can prove this by induction on n. We have already done the case n = 1 (and
also n = 2). Let us assume that the construction leads to a basis if the dimension of the vector
space is n — 1, and suppose that V has dimension n, with basis {u1,us,...,u,}. By the induction
hypothesis,

{ai1ur, ag1ur + agoug, ... 0p—10U1 + -+ Q1 p—1Un—1} (2.3)
is a basis for S = sp{uq,us,...,un—1}. We now show that (2.2) is a basis for V' by showing that

each v € V' can be uniquely represented as a linear combination of the vectors in (2.2). So let v be
any vector in V', say

v = Blul + 62”2 +-- 4+ ﬁnun
Notice that

ﬂnun = ﬂna;wi (anlul +-+ annun) -

(Bna;;anlul + -+ Bnayjﬁan,n—lun—l) .

The vector

-1 -1
Bnannanlul + -+ ﬂnannan,nflunfl

belongs to S and, by the induction hypothesis, can be written uniquely as

y1(a11u1) + Y2 (aorus + agoug) + -+ - + 'Yn—l(an—l,lul + -+ Oén—1,n—1un—1)-

Also,

Brui+ -+ Bpo1tn_1
= d1(a11u1) + d2(a21ur + aogug) + - -+

67171(047171,1“1 +-- anfl,nflunfly

Putting this all together, we obtain

v=Frur + -+ Bn1tun—1+ Bnun

= 01(a11u1) + d2(a21uy + agug) + - -+
On—1(n—1,1u1 4+ -+ Wn—1m—1Un—1)+
Bt (apiur + -+ + pntin) — (1 (a1111) + v2(a21u1 + aozuz)
+ Y t(apoiur F o F 1 1Un—1)

= (01 — ) (@11u1) + (02 — y2) (@211 + agoug) + - - -+
(On—1 — Yn-1)(@n—1,1u1 + -+ + Qp_1 p_1Upn—1)+
Bt (niur + -+ + Qpptin) -

This shows that each v can be written as a linear combination of the vectors in (2.2). Uniqueness

follows from the induction hypothesis and the fact that there is only one way to write 3,u, as a
multiple of apiuy + -+ - + apnu, plus a vector from S.
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12.

13.

14.

15.

We wish to prove that every nontrivial subspace of a finite-dimensional vector space has a basis (and
hence is finite-dimensional). Let V' be a finite-dimensional vector space, let dim(V') = n, and suppose S
is a nontrivial subspace of V. Since S is nontrivial, it contains a nonzero vector s;. Then either {v;}
spans S, or there exists vo € S\ sp{v1}. In the first case, {v1} is a basis for S (since any set containing
a single nonzero vector is linearly independent by Exercise 2.5.2). In the second case, {v1,v2} is linearly
independent by Exercise 2.5.4. Either {v1,v2} spans S, in which case it is a basis for S, or we can find
vy € S\ sp{v1,v2}. We continue to add vectors in this fashion until we obtain a basis for S. We know
that the process will end with a linearly independent spanning set for S, containing at most n vectors,
because S C V, and any linearly independent set with n vectors spans all of V' by Theorem 45.

Let F be a finite field with ¢ distinct elements, and let n be positive integer, n > ¢q. We wish to prove
that dim (P,(F)) = q by showing that {1,z,...,297 '} is a basis for P,(F). We have already seen (in

Exercise 2.6.11) that {1,z,...,297 '} is linearly independent. Consider the following vectors in F9:
1 a; oF al™!
1 Qo a3 al™t
U1 = . , U2 = . , U3 = : y ey Ug =
1 Qyq ch ag_l

The equation cijv + cove + - - - + ¢qvg = 0 is equivalent to the g equations
cr-l4coai+-+eal ™t =0,i=1,2,...,q,
which collectively are equivalent to the statement
61'1+CQ$+"'+C(1$(1_1 =(Qforallz € F.
Since {1,z,...,297'} is linearly independent, this equation implies that ¢; = c3 = --- = ¢, = 0, and

hence we have shown that {v1,vs, ..., v,} is linearly independent in F'?. Since we know that dim(F'7) = ¢,
Theorem 45 implies that {v1,vs, ..., v,} also spans F9. Now let p be any polynomial in P, (F), and define

plar)
paz)
u = . € F1.
plag)
Since {v1, v, ..., vq} spans F'9, there exist scalars c1,cg, ..., ¢q € F such that civ1 +cova +- - -+ cqug = u.

This last equation is equivalent to
Cc1 - 1+0204i+"'+(3q04?—1 :p(ai)7 1= 1725"'7Q7

and hence to
cy - 1+02x+---+cqxq_1 =p(z) for all z € F.

This shows that p € sp{vi,va,...,vq}, and hence that {vi,ve,...,v4} is a basis for P,(F). Thus
dim(P,(F)) = ¢, as desired.

Let V be an n-dimensional vector space over a field F', and suppose S and T are subspaces of V satisfying
SNT ={0}. Suppose that {s1, s2,..., sk} is a basis for S, {t1,t2,...,t,} is a basis for T, and k+ ¢ = n.

We wish to prove that {s1,s2,..., Sk, t1,t2,...,t¢} is a basis for V. This follows immediately from
Theorem 45, since we have already shown in Exercise 2.5.15 that {s1, s2,..., Sk, t1,t2,...,t¢} is linearly
independent.

Let V be a vector space over a field F, and let {uq,...,u,} be a basis for V. Let vy, ..., v be vectors in

V', and suppose
vV = o Ul U, §= 1,2,k
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Define the vectors z1,...,z; in F™ by
Tj = (a17j,...,ozn7j), ]: 1,2,...,](}.

(a) We first prove that {v1, ..., v} is linearly independent if and only if {1, ...,z } is linearly indepen-
dent. We will do this by showing that c;v1+- - -4cpvr = 0in V is equivalent to c1x1+- - -4crpxr = 0in
F". Then the first equation has only the trivial solution if and only if the second equation does, and
the result follows. The proof is a direct manipulation, for which summation notation is convenient:

k k n
Z cjv; =0& ch (Z aij”i)
j=1 j=1 i=1
kK n
=4 Z chozijui =0

j=1i=1
n k
<~ Z chaijui =0
i=1 j=1
n k
= Z Ci0G; | U; = 0.
i=1 \j=1
Since {u1,...,uy} is linearly independent, the last equation is equivalent to

k
E cjaij:O, z':1,2,...,n,
J=1

which, by definition of ; and of addition in F™, is equivalent to

k
E CiTj = 0.
j=1

This completes the proof.

(b) Now we show that {v1,..., v} spans V if and only if {x1,...,x;} spans F™. Since each vector in V
can be represented uniquely as a linear combination of uq,...,u,, there is a one-to-one correspon-
dence between V and F™:

w=ociuy+ -+ cpup €V — x=(c1,...,cy) € F™.

Mimicking the manipulations in the first part of the exercise, we see that

k k
E Civj =W < E CjT; = .
Jj=1 Jj=1

Thus the first equation has a solution for every v € V if and only if the second equation has a
solution for every z € F™. The result follows.

16. Consider the polynomials p () = —1 + 32 + 222, pa(2) = 3 — 82 — 422, and p3(x) = —1 + 4x + 522 in
P2. We wish to use the result of the previous exercise to determine if {p1, pa2, ps} is linearly independent.
The standard basis for Py is {u1,u2,us} = {1,2,2%}. In terms of this basis, p1, p2, p3 correspond to

-1 3 -1
T = 3|, 2z=1| -8 |, 25= 4 | € R3,
2 —4 5

respectively. A direct calculation shows that ¢y 1 +coxo+c3z3 = 0 has only the trivial solution. Therefore
{z1, 2,23} and {p1,p2,p3} are both linearly independent.
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2.8 Polynomial interpolation and the Lagrange basis

1. (a) The Lagrange polynomials for the interpolation nodes zg = 1, 1 = 2, x3 = 3 are

_(z=2)(x—-3)

Lo(x) (1_2)(1_3) ———(J}—Q)(J)—?)),
(e -1D(x-3)

Ll(x) (2_1)(2_3) __(x_l)(x_3)7
(z-1)(x—-2) 1

La(x) EEEEE) —a(x—l)(x—Z)

(b) The quadratic polynomial interpolating (1,0), (2,2), (3,1) is
p(x) = 0Lo(x) + 2Ly (x) + La2(x)

= 2(x—1)(z—3) + %(x - (= -2)

3 13

2. (a) The Lagrange polynomials for the interpolation nodes zo = —2, #1 = —1, @2 = 0, 23 = 1, 74 = 2
Lofa) = 75 +(f);il2)f(§)(__12)(_xl_)(2_)2 5 = Si#E 4 D~ 1) - 2),
T e ey s R A R
La() = ((“(’)i?)((g i 3&3 - 11))((5__22)) - i(x +2)(x + 1)z — D)z - 2),
{a f;fﬁffi?f(g)(}z—) 2~ _%x(x 2@+ -2),
(z+2)(@+ D@ — 1)

1
Ly(z) = B 22+C2 021 = ﬂx(x+2)(x+ 1)(z —1).

Ll(l') =

Lg(x) =

(b) Using the Lagrange basis, we find the interpolating polynomial passing through the points (-2, 10),
(—1,-3), (0,2), (1,7), (2,18) to be

p(z) = 10Lo(x) — 3L (x) + 2Lo(x) + 7TLs(x) + 18L4(x)

- 15—233(33 1)@ — D)@ —2) + %x(x )@ —1)(z —2)+

%(x )@+ 1)z — D)z —2) — ga:(x )@+ 1)(z —2)+

Zx(a: +2)(z+1)(x—1).

A tedious calculation shows that p(z) = 2* — 23 — 22 + 62 + 2, which is the same result obtained in

Example 48.

3. Consider the data (1,5), (2,—4), (3, —4), (4,2). We wish to find the cubic polynomial interpolating these
points.

(a) Using the standard basis, we write p(z) = co + c17 + c22? + czz. The equations
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are equivalent to the system
co+c1+ca+c3 =5,
co +2c1 +4cp + 8cz = —4,
co + 3c1 + 9co + 27c3 = —4,
co + 4c1 + 16¢o + 64c3 = 2.

Gaussian elimination yields

15 1
002267 C1 :_287 Co = 77 03:_57

and thus 15 1
p(z) = 26 — 28z + —a? — 2.
2 2
(b) The Lagrange polynomials for these interpolation nodes are
(x—2)(x—3)(z—4 1
Lo(o) = SR = S = 2)(e - B - 4),
(x—=1)(z—-3)(z—4)

= S =1 3w —4)

_ —%(m —1)(x —2)(z —4),

1
e CRRCELICEDE

and the interpolating polynomial is

5

= — g(x —2)(z=3)(z—4) —2(x—1)(z — 3)(z —4)+

2z — 1) — 2)(z — 4) + %(x 1)z —2)(z—3).

A tedious calculation shows that this is the same polynomial computed in the first part.

4. Let {Lo,L1,..., Ly} be the Lagrange basis constructed on the interpolation nodes g, z1,...,z, € F.

We wish to prove that, for all p € P, (F),

p(z) = p(zo)Lo(x) + p(x1)L1(z) + ... + p(xn) Ln(T)

Let g(x) be the polynomial on the right. By the definition of the Lagrange polynomials, we see that
q(zi) = p(z;) for i = 0,1,...,n. If we define the polynomial r(z) = p(x) — ¢(x), then we see that  has
n + 1 roots:

r(z;) = p(x;) — q(z;) = pz;) —p(z;) =0, i =0,1,...,n.
However, r is a polynomial of degree at most n, and therefore this is impossible unless r is the zero
polynomial (compare the discussion on page 45 in the text). This shows that ¢ = p, as desired.

. We wish to write pa(x) = 2 4+ 2 — 2?2 as a linear combination of the Lagrange polynomials constructed

on the nodes zg = —1, 1 = 1, 2 = 3. The graph of p passes through the points (—1,p(-1)), (1,p(1)),
(3,p(3)), that is, (—=1,0), (1,2), (3,—4). The Lagrange polynomials are

(x—1)(x—-3) 1

Lo(o) = AT = 5o = D = 3),
(x+1)(x—-3) 1
Ly(x) A+ 11-3) —Z(aH—l)(a:—S),
4+ D)(e—-1) 1
Ly (z) SV EEE) g(aH—l)(a:—l),
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and therefore,

= 5+ D —3) — S+ D 1),

6. Let F be a field and suppose (2o, y0), (1,%1), - - -, (Tn, yn) are points in F2. We wish to show that the poly-
nomial interpolation problem has at most one solution, assuming the interpolation nodes zg, 1, ..., Ty,
are distinct. This follows from reasoning we have seen before. If p, g € P, (F) both interpolate the given
data, then r = p — ¢ is a nonzero polynomial of degree at most n having n + 1 roots (zg, 1, ...,2n). The
only polynomial of degree n (or less) having n + 1 roots is the zero polynomial; thus p = ¢ and there is
at most one interpolating polynomial.

7. Let F be a field and suppose (2o, y0), (1,%1), - - -, (Tn, yn) are points in F2. We wish to show that the poly-
nomial interpolation problem has at most one solution, assuming the interpolation nodes zg, 1, ..., Ty
are distinct. Suppose p,q € P, (F') both interpolate the data, and let {Lg, L1,...,L,} be the basis for
Pn(F) of Lagrange polynomials for the given interpolation nodes. Both p and ¢ can be written in terms

of this basis:
n n
p=> aili ¢=Y BiLi.
i=0 i=0

Now, we know that the Lagrange polynomials satisfy

L, j=1,
Li(xj):{ 0, j#i.

It follows that

n n
p(z) =Y aiLi(zy) = aj, ql;) = > BiLi(x;) = B;.
=0 =0
But, since p and ¢ interpolate the given data, p(z;) = ¢(z;) = y;. This shows that a; = 3;, 7 =0,1,...,n,
and hence that p = q.

8. Suppose xg, 1, . . ., T, are distinct real numbers. We wish to prove that, for any real numbers yo, y1, - - -, Yn,
the system

2
co + c1x + c2xf + ... F Crx( = Yo,

2
co+c1x1 + 2y + ..+ el =y,

2
co + 1Ty + Xy + ... F CrX) = Yn

has a unique solution cg, c1, .. ., ¢,. This follows immediately from our work on interpolating polynomials:
o, C1,. .., Cpn solves the given system if and ounly if p(z) = ¢ + c1z + -+ + ¢,x™ interpolates the data
(z0,90), (x1,Y1), -+, (Tn,yn). Since there is a unique interpolating polynomial p € P, and since this
polynomial can be uniquely represented in terms of the standard basis {1,z,...,2"}, it follows that the
given system of equations has a unique solution.

9. We wish to represent every function f : Zy — Zs by a polynomial in P;(Z3). There are exactly four
different functions f : Zy — Zs, as defined in the following table:

w | filz) | fol2) | f3(2) | falz)
0] 0 1 0 1
1] 0 0 1 1

We have f1(x) = 0 (the zero polynomial), fo(x) =1+ x, fs(x) =z, and fa(x) = 1.
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11.

12.
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The following table defines three functions mapping Zs — Zs. We wish to find a polynomial in Py (Z3)
representing each one.

N = O R

We can compute f1, fo, and f3 as interpolating polynomials. The Lagrange polynomials for the given
interpolation nodes are

(x—1)(xz—-2)

LO((E) = m = 2x2 -+ 2,
_oz(x—2) o,
Li(z) = a=0i-2 227 + 2z,

xz(x —1)
Lg(l‘) = m = 2$2 + .

(Here we have used the arithmetic of Z3 to simplify the polynomials: —1 = 2, =2 = 1, 27! = 2, etc.).
We then have

fi(z) = Lo(x) + 2Ly (2) =222 + 14+ 2* + o =1+,

fa(z) = Ly(z) = 22% + =,

fa(z) = 2Lo(x) + 201 (x) + Lo(zx) = 2® + 2+ 2® + 2 4+ 222 + 2
=2%+ 2 +2.

Consider a secret sharing scheme in which five individuals will receive information about the secret, and
any two of them, working together, will have access to the secret. Assume that the secret is a two-
digit integer, and that p is chosen to be 101. The degree of the polynomial will be one, since then the
polynomial will be uniquely determined by two data points. Let us suppose that the secret is N = 42
and we choose the polynomial to be p(x) = N + ¢y, where ¢; = 71 (recall that ¢; is chosen at random).
We also choose the five interpolation nodes at random to obtain 1 = 9, x5 = 14, 3 = 39, x4 = 66, and
rs = 81. We then compute

y1 = p(xy) =42+ 71-9 =75,
y2 = p(xa) =424 7114 = 26,
ys = p(xs) =42+ 71 -39 =84,
ys = p(xg) =42+ 7166 = 82,
ys = p(xs) =42+ 71-81 =36

(notice that all arithmetic is done modulo 101). The data points, to be distributed to the five individuals,
are (9,75), (14,26), (39, 84), (66, 82), (81, 36).

An integer N satisfying 1 < N < 256 represents a secret to be shared among five individuals. Any
three of the individuals are allowed access to the information. The secret is encoded in a polynomial
p, according to the secret sharing scheme described in Section 2.8.1, lying in Pa(Za57). Suppose three
of the individuals get together, and their data points are (15,13), (114,94), and (199, 146). We wish to
determine the secret. We begin by finding the Lagrange polynomials for the interpolation nodes 15, 114,
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and 199:
(x —114)(z — 199)

Lo(z) = = 5827 2
o®) = (51015 —1ag) = P+ 9% 205,
(x — 15)(z — 199) 9
Li(z) = =74 12
@) = T T s a—199) e F98e 4127,
(z — 15)(z — 114) ,
Lo(z) = = 12522 + 66z + 183.
2(%) = o9 —15)(199 = 119) v obe

The interpolating polynomial p is
p(z) = 13Lo(x) 4+ 94L1(x) + 146 Lo(x).
We need only compute p(0):
p(0) = 13Lo(0) +94L1(0) + 146 L2(0) = 13 - 205 + 94 - 127 + 146 - 183 = 201.
Thus the secret is N = 201. (The polynomial p(z) simplifies to p(z) = 3z% + 11z + 201).
13. We wish to solve the following interpolation problem: Given v1,vs2,d1,ds € R, find p € P3 such that
p(0) = v1, p(1) = va, p'(0) =d1, p'(1) = da.

(a) If we represent p as p(z) = co + c1@ + c22? + c33, then the given conditions

p(0) = vy,
p'(0) = di,
p(1) = vg,
p'(1) =ds
are equivalent to the system
Co = 1,
c1 =dy,

co+c1+ c2 + c3 = g,
c1 + 2¢o + 3c3 = ds.

It is straightforward to solve this system:
co = vy, ¢1 =di, co = 3vy — 3v; — 2dy — da, c3 = 2v1 — 209 + dy + ds.

(b) We now find the special basis {q1, g2, g3, ¢4} of Ps satisfying the following conditions:

71(0) =1, ¢,(0) =0, q1(1) =0, ¢i(1) =0,
32(0) = 0, ¢5(0) =1, g2(1) = 0, g5(1) =0,
g3(0) =0, ¢5(0) =0, g3(1) =1, g3(1) =0,
q4(0) =0, ¢4(0) =0, qa(1) =0, g4(1) = 1.

We can use the result of the first part of this exercise to write down the solutions immediately:
q(z) =1 — 32°% 4 223,
g2(x) = & — 227 + 2,
q1(z) = 3% — 223,
q(z) = —2? 4+ 25,
In terms of the basis {q1, g2, g3, g4}, the solution to the interpolation problem is

p(z) = v1q1(7) + d1g2(x) + vags3(x) + d2qa(z).
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14. We are given n + 1 interpolation nodes, xg, x1,...,Zn. Given vg,v1,...,v, € R, do,d1,...,d, € R, we

wish to find p € Pay, 41 such that
p(x;) = v, p(x) =d;, i=0,1,...,n.
We define (in terms of the Lagrange polynomials Lg, L1, ..., L, for the nodes =g, z1,...,2y)

Ai(x) = (1 = 2(z — 23) Li(xy)) L (@),
Bi(z) = (x — 2:) L} ()
fori=0,1,...,n.
(a) Since each Lagrange polynomial L; has degree exactly n, we see that B; has degree 2n + 1 for each

i=0,1,...,n, while A; has degree 2n + 1 if L/(z;) # 0 and degree 2n if L}(z;) = 0. Thus, in every
case, A;, B; € Popy1 foralli=0,1,... n.

(b) If j # 4, then L;(z;) = 0 and
Ai(zy) = (1= 2(x; — @) Li(2:)) L7 (25) = (1 - 2(x; — z:) Li(x:)) - 0 = 0.
If j = i, then L;(z;) = 1 and
Ai(xj) = (1= 2(w; — a3) Li(2:)) L3 (23) = 1-1 = 1.
Therefore,

1, 1=y,

Aj(x) = 2(1 = 2(z — ;) Li(2:)) Li(x) Lj(x) — 2L; () L} ().

If j # ¢, then L;(z;) = 0 and therefore A}(z;) = 0 (since both terms contain a factor of L;(z;)). If
j =1, then L;(xz;) = 1 and A}(z;) simplifies to

Also,

Aj(xj) = 2Li(x;) — 2Li(z;) = 0.

Thus Ai(x;)=0,j=0,1,...,n.

(c) Since either z; —x; = 0 (if j = i) or Li(z;) = 0 (if j # 1), it follows that B;(z;) = 0 for all
7=0,1,...,n. Now,
Bi(z) = L?(z) + 2(x — x;) Li(z) L} ().
If j # i, then
Bi(z;) = L} (x;) + 2(x; — zi) Li(z;) Li(z;) =0~ 0 =0

3

since L;(xz;) = 0. Also,
Bj(x:) = L7 (w:) + 2(2; — @) Li(wi) Li(z) =1 - 0= 1.
Therefore,
B ={ g 137
(d) We now wish to prove that {Ay, ..., An, Bo, ..., By} is a basis for Pa,41. Since dim(Pay41) = 2n+2

and the proposed basis contains 2n + 2 elements, it suffices to prove that the set spans Pay,41. Given
any p € Poyy1, define v; = p(z;), dj =p'(x;), j=0,1,...,n. Then

g(x) = vidi(z) + Y d;Bi()
=0 =0
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agrees with p at each x;, and ¢’ agrees with p’ at each x; (see below). Define r = p — g. Then 7 is
a polynomial of degree at most 2n + 1, and r(z;) = r'(z;) =0 for j = 0,1,...,n. Using elementary
properties of polynomials, this implies that r(x) can be factored as

r(@) = f(@) (@ — 20)*(x — 21)* -+ (x — 20)?,
where f(x) is a polynomial. But then deg(r(x)) > 2n + 2 unless f = 0. Since we know that

deg(r(z)) < 2n + 1, it follows that f = 0, in which case r = 0 and hence ¢ = p. Thus p €
sp{4o, ..., An, Bo,...,By}. This proves that the given set is a basis for Pay,1.

Using the properties of Ag, A1,..., Ay, Bo, B, ..., B, derived above, the solution to the Hermite inter-
polation problem is

pla) =D vidi(x) + Y diBi(x).
i=0 i=0

To verify this, notice that

pla;) = viAi(z;) + > diBi(x;).
i=0

=0

Every term in the second sum vanishes, as do all terms in the first sum except v;A4;(z;) = v; - 1 = v;.
Thus p(z;) = v;. Also,

Play) =Y vidi(x;) + > diBj(;).
i=0 1=0

Now every term in the first sum vanishes, as do all terms in the second sum except d; B (z;) = d; -1 = d;.
Therefore p’(z;) = d;, and p is the desired interpolating polynomial.

2.9 Continuous piecewise polynomial functions

1. The following table shows the maximum errors obtained in approximating f(x) = e® on the interval [0, 1]
by polynomial interpolation and by piecewise linear interpolation, each on a uniform grid with n nodes.

n  Poly. interp. err. PW linear interp. err.
1 2.1187-1071 2.1187-107*
2 1.4420 - 1072 6.6617 - 102
3 9.2390- 104 3.2055- 1072
4 5.2657 - 10~° 1.8774-1072
5 2.6548 - 1076 1.2312- 1072
6 1.1921-1077 8.6902- 1073
7 4.8075-107° 6.4596 - 1073
8 1.7565 - 10710 4.9892-1073
9 5.8575- 10712 3.9692- 1073
10 1.8119-10713 3.2328-1073

For this example, polynomial interpolation is very effective.

2. The following table shows the maximum errors obtained in approximating f(z) = 1/(1 + 2?) on the
interval [—5, 5] by polynomial interpolation and by piecewise linear interpolation, each on a uniform grid
with n nodes.
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n  Poly. interp. err. PW linear interp. err.
1 9.6154-10~! 9.6154 - 1071
2 6.4615 - 101 4.1811-1071
3 7.0701- 1071 7.3529- 101
4 4.3836- 1071 1.8021-1071
5 4.3269 - 10! 5.0000- 10~*
6 6.1695- 10! 6.2304- 1072
7 2.4736-10~1 3.3784-1071
8 1.0452 6.3898 - 102
9 3.0028 - 10! 2.3585- 101
10 1.9156 6.7431-1072

Here we see that polynomial interpolation is not effective (cf. Figure 2.6 in the text). Also, we see that
piecewise linear interpolation is much more effective with n even, since then there is an interpolation
node at « = 0, which is the peak of the graph of f.

. We now repeat the previous two exercises, using piecewise quadratic interpolation instead of piecewise

linear interpolation. We use a uniform grid of 2n 4 1 nodes.

(a) Here the function is f(z) = e on [0, 1].

n  Poly. interp. err. PW quad. interp. err.
1 1.4416 - 10~2 1.4416 - 1072
2 5.2637-107° 2.2079 - 1073
3 1.1921-107 7.0115-10~4
4 1.7565 - 10710 3.0632 - 104
5 1.8119-10713 1.6017-104

Once again, polynomial interpolation is quite effective for this function. We only go to n = 5, since
for larger n we reach the limits of the finite precision arithmetic (in standard double precision).

(b) Here f(x) =1/(1+ 2?) on [-5,5].

n  Poly. interp. err. PW quad. interp. err.
1 6.4615- 1071 6.4615 - 101
2 4.3818 1071 8.5472 - 1072
3 6.1667 - 101 2.3570- 1071
4 1.0452 9.7631-102
5 1.9156 8.5779 - 102
6 3.6629 7.4693-10~2
7 7.1920 3.4671 - 1072
8 1.4392 - 10! 4.7781-1072

For n > 8, it is not possible to solve the linear system defining the polynomial interpolant accurately
in standard double precision arithmetic. Once again, for this example, we see the advantage of using
piecewise polynomials to approximate f.

4. Let zg, 1, ..., z, define a uniform mesh on [a, b] (that is, z; = a+ih, i =0,1,...,n, where h = (b—a)/n).
We wish to prove that
— — e — n+1
oy [E )@ =) @)
z€[a,b (n+ 1)' 2(n—|— 1)
Let x € [a,b] be given. If z equals any of the nodes xg,x1,...,x,, then the left-hand side is zero, and
thus the inequality holds. So let us assume that x € (x;_1,a;) for some ¢ = 1,2,...,n. The distance

from z to the nearer of x;_1, x; is at most h/2 and the distance to the further of the two is at most h. If
we then list the remaining n — 1 nodes in order of distance from x (nearest to furthest), we see that the
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distances are at most 2h, 3h, ..., nh. Therefore,
(@ —zo)(x —21) -+ (z —an)| = |z — ol — 2] |& — 20
1
< (g) (h)(2R)---(nh) = En!h"H.
Therefore,

l(x —wo)(x —21) - (x —wn)| _ 1 nlh"t pntd
(n+1)! “ 2+ 1! 2(n+1)
Since this holds for each x € [a, ], the proof is complete.

5. We wish to derive a bound on the error in piecewise quadratic interpolation in the case of a uniform mesh.
We use the notation of the text, and consider an arbitrary element [zg;_2,22;] (With zo; — z2;_2 = h).
Let f belonging to C3[a,b] be approximated on this element by the quadratic ¢ that interpolates f at
To;_2,%2;—1,%2;. Then the remainder term is given by

@),
£0) =~ a(e) = T3 @ — ) = ) = ), € a0,

where ¢, € [a,b]. We assume |f®)(x)| < M for all z € [a,b]. We must maximize
(= wai2) (2w — w2i1)(x — 224)]|

on [a,b]. This is equivalent, by a simple change of variables, to maximizing |p(z)| on [0, k], where
p(z) = x(x — h/2)(x — h). This is a simple problem in single-variable calculus, and we can easily verify

that
3

Ip(z)| < 1:—\/5 for all = € [0, A].

Therefore,
D)l B D)
3! 12v/3 72V/3

Since this is valid over every element in the mesh, we obtain

h3 for all z € [1‘27;_2,.1321'].

[f(x) = q(z)] <

3 for all z € [a,b].

M
[f(x) —q(z)] < 23"



